Chuyén dé phwong trinh — Bét phwong trinh
Phuong trinh chira an ¢ ciin thic
Vi du : Giai phuong trinh: 1+ %\/x —x? =Jx +41-x

Giai: PK 0<x <1.

Pé giai phuong trinh nay thi 16 rang ta phai tim cach loai bé can thirc. Co nhiing cach
nao dé loai bo can thire ? Piéu dau tién chung ta nghi téi d6 1 liy thira hai vé. Vi hai vé
ctia phuong trinh d3 cho ludn khong 4m nén binh phuong hai vé ta thu dugc phuong
trinh turong duong.

2
2

(1)@(1+§\/X—X2j Z(\/;-F\/I—X) <Z>1+§N/X—X2+g(X—X2)=1+2\/X—X2
<:>2(X—X2)—\/X—X2=0<:>\/X—X2(2\/X—X2—3)20

Ix — x2

=0 X = Ox—l
3<:>

,/ _ VN,

Két hop voi dleu kién ta c6 nghi€ém cua phuong trinh: x =0;x =1.

Qua 151 giai trén ta thiy dugce vx — x? s& biéu dién duoc qua Jx ++/1-x nhd vao dang
2 Lz
thirc (\/;-F\/I—X) =1+2Vx - x> (*) .Cu thé néu ta dat t=+/x +V1—x thi

;-1

X —X va khi 6 phuong trinh d cho tro thanh phuong trinh bac hai véi an 1a
2 -1 5
t: 1+ =tot" -3t+2=0=t=1t=2.
Vay ta co: Vxei-x _1 2Vx=x* =0 < x=0x=1
' N i VN, (VT<2) o

Viéc thay thé biéu thirc Jx +41-x bang mot 4n mai 14 t (ma ta goi 14 an phu) 13 mot
suy nghi hoan toan phu hop vdi tu nhién ( chiung ta nhé lai la ching ta dang tim cach
1am mét can thire !). Cach 1am nhu thé nay ta thuong gip trong cudc song hang ngay cta
chung ta, chang han khi chung ta di xa khong tién cho viéc mang theo tién mat ta co thé
doi qua do la, hay thé ATM, séc,...Cling nhu viéc chuyen ddi tién & trén, dé 1am mat can
thire ta tim cach dat mot biéu thirc chira can thirc nao do bang mot biéu thirc 4n méi sao
cho phuong trinh 4n méi ¢ hinh thirc ket cau don gian hon phuong trinh ban dau. Pit
biéu thuc chua can nao bang biéu thirc 4n méi nhu thé nao 13 van dé quan trong nhat,
budce 1am nay quyét dinh dén c6 duoc 101 giai hay khong va 101 giai d6 tét hay do. Dé
chon dugc dugc cach dit an phu thich hop thi ta can phai tim dugc mbi quan hé ciia cac
biéu thirc tham gia trong phuong trinh nhu & cach giai trén ta da tao duwoc mbi quan hé
d6 1a dang thirc (*). C6 nhiéu cach dé tao ra mdi quan hé giita cac d6i tuong tham gia
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Chuyén dé phwong trinh — Bét phwong trinh
trong phuong trinh 9h§1ng han & phuong trinh trén ngoai dang thic (*) ta con c6 moi
quan h¢ gitra cac biéu thirc tham gia trong phuong trinh:

2 2
(\/;) + (\/1 — x) =X +1—x=1 (**) ma tr phuong trinh ta rat dugc mot can thirc qua

IW—x -3 , 3t—3
————.Dodoénéudat t=+1-x = /x ==—2 thay vao
—x -3 -3

(**) va bién d6i ta thu dugc phuwong trinh

t(t—1)(2t* =4t +3)=0<t=0,t =1 hay x =0,x =1 12 nghiém ctia phwong trinh.
Phuong trinh da cho chi chira tong va tich ciia hai can thirc, dong thoi hai can thic thoa
man (**) do vy ta ¢ thé dat a = Jx ,b= JI-x thitr phuong trinh d4 cho két hop véi

can thirc con lai: vVx =

1+ %ab =a+b . .
(**) ta c6 hé phuong trinh: 3 day la hé doi xtung loai I, giai h¢ nay ta
2, 12
a”+b" =1

duoc nghiém cta phuong trinh 13 x=0 va x=1. Ban chét cach giai nay chinh 13 cach dat
an phu t=+/1—x ma ta di giai & trén .
Ti€p tuc nhan xét thi dang thirc (**) giup ta lién tudng dén dang thirc nao ma ta biét ?

2

Chic héan céc ban sé& dé dang tra 101 duogc do6 1a déng thirc luong gidc: sin o+ cos?a =1.

Diéu nay din dén cach giai sau:
Pit x =sin’t, te [O;g] (Piéu nay hoan toan hop li vi x €[0;1] ). Khi d6 phuong trinh

da cho tr4 thanh:

1+§sint.cost =sint + cost < 3(1 —sint) + \/(1 —sint)(1+sint)(2sint—3)=0

sint=1=x=1 x=1 {le
< < < :
3v1—sint =(3—-2sint)y/1+sint sint(4sin2 t—6sint+8)=0 x=0

Qua vi du trén ta thdy c6 nhiéu cach dé giai phuong trinh va bat phuong trinh vo ti. Moi
phuong phap déu chung mot tudng d6 1a tim cach loai bo can thirc va dwa phuong trinh
da cho vé phuong trinh ma ta d3 biét cach giai. Sau day ching ta s& di vao timg phuong
phap giai cu thé.
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Chuyén dé phwong trinh — Bét phwong trinh
I. Phwong phap bién d6i twong dwong :
Noi dung ctia phuong phéap ndy 13 st dung céc tinh chit cta liy thira va cac phép bién
d6i twong duong cua phuong trinh, bét phuong trinh bién d6i phuong trinh, bat phuong
trinh ban dau vé phuong trinh, bat phuong trinh da biét cach giai.
Ta nho lai cac tinh chét cua lity thira va phép bién doi twong d6i d6i véi phuong trinh
va bat phuong trinh.

1) (Wa)" =a  (Néun chin thi cin thém diéu kién a >0).
2) a=b < a’™ =b*" véiavab cung déu
3) a=b<a™! =b?""! véi moi a,b.

4)a>b>0<a’" 2b*" (Chay néua,b<0 thi a>b<>—a<—b khidé hai vé cing
khong am va lac do ta mai iy thira bac chan hai vé).
5a>bea®™!>p™! vabeR.

Vidu 1: Giai phuong trinh: V2x+1=3x+1.
Giai: Tathay VT luon khong &m, do d6 néu VP am thi phuong trinh v6 nghiém nén ta

chi can giai phwong trinh khi 3x +1>0 < x > —% . Khi d6 hai vé déu khong am va binh

phuong ta thu dwoc phuong trinh twong dwong: 2x +1=(3x +1)* néu Xg 2 —% la

nghiém cua phuong trinh nay thi 2x, +1=(3x, + ) = 2xy, +12=0 do vay ta khong can
dat diéu kién cho biéu thire dudi ddu can. Vay :

1
3x+120 x>t X=-3 4
Pt & , & 3 & 4<:>x:0,x=—§.
2x +1=(3x+1) 0x2 + 4x =0 x=0, x=——

Nhdn xét: * Phuong trinh trén c6 dang tong quat: \/f(x) = g(x), khi gip dang nay ta

o x)>0 ,
bién doi tuong duong nhu sau: /f(x) =g(x) < {g( ) . O day vi sao ta khong

f(x)=g"(x)

can dit dk f(x)>0?.
* O bai toan trén ta c6 thé giai bang cach dit 4n phu t=+/2x +1.

Vi du 2: Giai phuong trinh: vx+4 —v1—x =~/1-2x.
Gidi: Dk: —4<x s% (*)

PtoVx+4=VI-2x +V/l-x & x+4=1-2x+21-2x)(1-x) +1-x
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Chuyén dé phwong trinh — Bét phwong trinh

2x+120 XZ—l

< 2x+1={(1-2x)1-x) < S 2 < x=0
v {(2x+1)2 =(1-200-%) |, 2,7 _g

Péi chiéu diéu kién (*) ta thdy x=0 thoa man. Vay nghiém cua pt di cho 1a x=0.

Chit y : O phuong trinh trén vi sao chung ta lai chuyén v/1—x qua rdi mgi binh phuong?
Muc dich cta viéc lam nay la tao ra hai vé cia phuong trinh ludn cung dau dé sau khi
binh phuong ta thu dugc phuong trinh tuong duong.

Vi du 3: Giai bat phuong trinh: V2x% —6x+1-x+2<0.

Giai:

BAt phuong trinh <> v2x? — 6x +1 <x-2 (1)

Vi VT cua (1) luon khong am nén néu VP(1) <0 thi Bat phuong trinh v6 nghiém, do d6
ta chi giai Bat phuong trinh khi x —2 >0 < x > 2. Binh phuong hai vé ta dugc Bpt:

2x% —6x +1< (x — 2) . Néu Xg bt phuong trinh nay thi ta chua thé khang dinh duoc
2x§ — 6%, +1>0 do d6 ta phai dit diéu kién cho biéu thirc dudi déu can. Vay bat
phuong trinh di cho twong duwong véi hé gdm ba bat phuong trinh sau:

X>2 X>2

3_2ﬁ Vx23+2ﬁ<: XS3_2ﬁ Vx23+2\/7

x—2>0
2x%2 —6x+120 e ix<

2x% —6x +1<(x —2)*

3+\/7
< 2

x* —2x-3<0 —1<x<3

< x <3 la nghiém ctia bat phuong trinh da cho.

g(x)>0
Nhin xét: Dang tong quat ctia bat phuong trinh trén 1a: (/f(x) < g(x) &< f(x)>0

f(x) <g’(x)
Giai h¢ bat phuong trinh nay ta dugc nghi€ém cua bat phuong trinh da cho.

J2(<% ~16) .
SRS

Vi du 4: Giai bat phuong trinh : (PH Khoi A — 2004 ).

Giai: bK: x>4.

Bpt < +/2(x2 —=16) + x —3>T7 —x < /2(x> =16) >10-2x  (2)
Tacod VT (2) >0 nén néu VP(2)< 0= x > 5 thi (2) ludn dung. Néu VP(2)>0 < x <5
thi bpt (2) < 2(x* —16) > (10 — 2x)*. Néu x,, bt phuong trinh nay thi ta co
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Chuyén dé phwong trinh — Bét phwong trinh

2(x§ —16)>0 do d6 ta khong can dit didu kién cho biéu thirc dudi dau can
Vay dé giai bat phuong trinh (2) ta chia lam hai trudng hop

X >4 (dk)
THI: & x>5.

10-2x<0

10-2x2>0 4<x<5
5 5 &9, <1034 <x<5.
2(x* —=16) > (10 — 2x) x°=20x+66<0

Lay hop hai trudng hop ta c6 nghiém bat phuong trinh 13: x >10 — J34.

TH2: {

Nhdn xét: Dang tong quat ctia bat phuong trinh (2) 1a: /f(x) > g(x). Dé giai bpt nay ta
chia lam hai truong hop:
f(x)>0

g(x)<0

TH 2: {g(x) =0
f(x)>g”(x)

THI:{

Vi du 5: Giai phuong trinh: \/2X +V6x% +1=x+1.

Giai:
x+1>0 x>-1
Pt =
2x +46x% +1=(x+1)?  |[V6x?+1=x%+1

x>-1 x>-1 0 5
< < &Sx=0,x=2.
6x* +1=(x*+1)?> |x*-4x*=0

Vi du 6: Gidi phuong trinh: \/x(x —1) + Jx(x + 2) = 2Vx? .
x>1
Giai: PK: | x<-2 (%).
x=0
Phuong trinh < 2x% + X + 2\/X2(X -(x+2)= 4x*
=N 2Jx2(x2 +x-2)=x(2x - ) = 4x* (x> +x-2)=x*(2x - 1)* (do dk (*)).

x=0

o x? Bx-9)=0< 9 ca hai gia tri nay déu thoa man (*).
X=—
8

Vay nghiém cua phuong trinh da cho la: x=0;x = %
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Chuyén dé phwong trinh — Bét phwong trinh

Chu y : 1) Bai toan trén con c6 cach gidi khac nhu sau
* x =0 1a mot nghiém ctuia phuong trinh.

* x> > PToVx—1+Vx+2=2x & 2Vx2 +x -2 =2x -1

& 4x? + 4x —8=4x> —4x+1<:>x=§ (nhéan).

* X <2=PT & J=x(1 — X) +{—=X(—X — 2) = 2/(=%)(-X)
SVl-x +/—x-2=2Jx & 2Vx> +x - =—2x+1<:>x=§ (loai).

Vay nghiém cta phuong trinh da cho la: x=0;x = 2 .

2) Khi bién ddi nhu trén ching ta sai lam khi cho rang va.b = Ja/b ! Nén nhé dang
thirc nay chi dang khi a,b>0 ! Néu a,b<0 thi Jab =+—a~/-b.

Vi du 7: Giai phuong trinh: Yx —1 +3x -2 =32x -3

Giai:

Phuong trinh 2x —3+33/(x —)(x = 2)(/x -1 +¥x -2)=2x -3
{%/xl +3x-2=32x-3

=

Yx-(x-2)(2x-3) =0
3
Sx=Lx=2x=—.

*

Chil y :
* Khi giai phwong trinh trén chiing ta thudng bién doi nhu sau
2x =343 (x - D(x-2)Fx -1 +3x-2)=2x -3 & J(x-D)(x —=2)2x -3) =012

Phép bién d6i nay khong phai la phep bién d6i twong duong! Vi ¢ day chung ta da
thtra nhén phuong trinh ban dau co nghiém !. Do d6 dé c6 dugc phép bién doi tuong
duong thi ta phai dua vé hé nhu trén. Chang han ta xét phuong trinh sau

M-x+N+x=-12+R1-x>FAN-x+N+x)=-1=31-x> =1 x=0.
Nhung thay vao phuong trinh ban dau ta thdy x=0 khong théa man phuong trinh !
* V6i dang téng quat Ja+3b=3c ta 1ap phuong hai vé va sir dung hing dang thirc

(at b)3 —a’+b’ + 3ab(a £ b) ta c6 phuong trinh turong duong vo1 hé
Ja 3o =3
atbx33abec=c

. Giai h¢ nay ta c6 dugc nghiém cua phuong trinh.
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Chuyén dé phwong trinh — Bét phwong trinh

Vi du 8: Giai phuong trinh: vJ4 —3v10 —3x =x — 2 (HSG QG 2000).
Giai:

- - X>2 x>2
uong trinh < S
4-3J10-3x =x? —4x+4  |4x—x>=310-3x
2<x<4 2<x<4
=9 4 3 2 A 3 2
X —8x” +16x° +27x—-90=0 (x-3)(x" -5x"+x+30)=0
2<x<4
= 5 &Sx=3.
x-3)(x+2)(x"-7x+15)=0

Vi du 9: Giai phuong trinh: \/4X—y2 —Jy+ = \J4x? +y.
Giai:

Phuong trinh <:>\/4x—y2 =\/4X2 +y+y+2

s ax —y? =4x% + 4y +2+ 2(y + 2)(dx% +y)

1
S x-12+(y+22 +2J(y+2)@Ex’ +y) =01 2 .
y=-2
Thir lai ta thiy cip (x;y) ndy thao man phuong trinh.
1

Vay nghiém cua phuong trinh da cho la: * 2 .

y=-2
Vi du 9: Giai phuong trinh:
D x2+dx+7=7. 2)\/4x+1—\/3x—2:x-5|_3.

Giai:
1) Phuong trinh x2—(X+7)+(x+\/x+7)=0<:>(x+\/x+7)(x—\/x+7+1):0
- Vx+T7=-x (1)

VX+T7=x+1 (2)

x<0 _
*D)e 5 <:>X=1 29.
X" —x-7=0 2
‘) x2>-1 )
= S X=2.
x> +x-6=0

1-—

Vay phuong trinh da cho c6 hai nghiém x =2;x =

l\)ﬁ
\®)
O
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Chuyén dé phwong trinh — Bét phwong trinh

2) Phuong trinh < 5(v/4x +1 -+/3x =2)=(4x +1) - (3x - 2)
& 5(Wa4x +1-V3x —2) = (Vax +1 —/3x = 2)(V4x +1 +/3x - 2)
Vax +1-+/3x-2=0
=
Vax +1++/3x =2 =5

S x=2.

Nhdn xét: *Véibai | ta co thé giai nhu sau: Pat y=+/x +7 ta c6 hé phuong trinh

{yz mx=7 trir vé theo vé hai phuong trinh ta duoc: (v + x)(y — x —1). Tir day giai ra ta
X" +y=7

tim duoc x.

* Cau 1 c¢6 dang tong quat nhu sau: x> +Jx+a=a.

* Vo1 bai toan 2 ta con c6 cach giai khac nhu sau

Phuong trinh <> (J4x +1-3)—(3x -2 -2) ==

Xx=2

4(x—2) 3(x-2)  x-—

< - - S| V3x-2-V4ax+1-1 1,
VAx+143 P3x-2+42 5 (Vax+1 +3)(\Bx — 2+2)_5 ®

Vi VT(*)<0 (do x> %) nén (*) vo nghiém.

Vi du 10: Giai bat phuong trinh :

1) X
(1+/1+x)?

Giai:

DPK: x2-1

* V61 x =0 ta thay Bpt [udn diung

*Véi x 20=>1—+/x +1 0. Nhan luong lién hop & VT ctia Bpt ta dugc

x2(1=Vx +1)?

A+Vx+ 121 =Vx +1)

Vay nghiém cua Bpt da cho la: T=[ —1;8).

2) Ta xét hai truong hop

TH 1: 2x° —3x—2=0<:>x:2,x:—%.KhidéBPT lubn dung

Sx—4 2) (x2 =3x)W2x2 —3x—2>0.

>x—4o(l-Vx+1)P>x-4oVx+1<3ex<8
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2% 232250 |x<—tVx>2 1
TH 2: Bpt < S 2 &S x<——Vx2>3.
X" =3x20 x<0Vx>3 2

Vay nghiém cta Bpt da cho la: T = (—oo;—%] U {2} U[3;+x0).

Chii y : * O bai toan 2 ta thuong khong cht y dén truong hop 1, day 1a sai lam ma chiing
ta thu’O'ng gap trong giai phuong trinh va bat phuong trinh vo .

* Khi giai bat phuong trinh néu ta mudn nhan hodc chia hai vé cau bat phuong trinh cho
mot biéu thire thi ta phai xac dinh duoc d4u ctia biéu thic d6. Néu chua xac dinh duogc
dau cua biéu thirc ma ta mudn nhan thi ta c6 thé chia lam hai truong hop.

Vi du 11: Giai bat phuong trinh :

2
) (x=3Vx>+4<x>-9 2) 5112" o<l
— X
Giai:
1)

* V6i x =3 = bit phuong trinh dung.

X >3 X >3
*Vo1i x>3=Bpt< < < x>3.
Vx? +4<x+3 x2+4<(x+3)2

X <=3

X <3 5
*V(’)iX<3:>Bpt<:>{ | | B3<x<3ex<—.

N 6

X*+4>x+3 {6x+5<0

Vay nghiém cia bat phuong trinh da cho 1a: x < —% Vx2>3.
2)
x<l1 x <1

*Néul-x>0ox<1=>Bpte{51-2x—x220 < {1-/52<x<1++/52

J51-2x—x2 <1-x  |X°>25
o1-52<x<-5,

*Néu x >1= luén dung vi VT <0<1.
Vay nghiém bat phuong trinh da cho 1a : 1— J52<x<-5Vx>1.

Vi du 12: Tim m dé phuong trinh \/x2 —2mx +1=m -2 c6 nghiém.
Giai:
* Néu m < 2 = phuong trinh v6 nghiém
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Chuyén dé phwong trinh — Bét phwong trinh
* V61 m > 2 = Phuong trinh
x> -2mx +1=m’ —4m+4 < x> - 2mx - m* +4m -3=0
Phuong trinh ¢6 nghiém A'= 2m% —4m+3>0 ding moi m
Vay m > 2 la nhiing gié tri can tim.

Vi du 13: Tim m dé phuong trinh: V2x® +mx -3 =x+1 ¢6 hai nghiém phan biét.
Giai:

x2>-1

x2+(m-2)x—-4=0 (%)

Phuong trinh (*) [uoén ¢6 hai nghi¢m :

_2—m+\/m2—4m+8 2—m—\/m2—4m+8

2 2
Phuong trinh da cho c6 hai nghiém < (*) c6 hai nghiém phan biét > -1

5 m<4
Sx,2-1o4-m>2Vm” -4m+8 & <SS m<2.

(4-m)*>m* —4m+38

Phuong trinh < {

<0

Vay m <2 1a nhiing gi4 tri can tim.

Vi du 14: Tim m dé phuong trinh \/2){2 —mx — \/X2 —4 =0 c6 nghiém.
Giai:

x?-4>0 (1)

x> -mx+4=0 (2)

(2) c6 nghi¢m <:>A=m2—16020<:>|m|24 (*) . Khi d6 (2) c6 hai nghi¢m la:

m++vm? -16

5 :

Nghiém x, théa man (1) < (m++vm?-16)? —16>0 < m? + mym? —16 —=16>0
‘m =44 m=-4

e ym2 —16(Ym2 16 +m) >0 < @{ .
Jm? —16 >-m m =4

Nghiém x, théa min (1) < (m—vVm? —16)> =16 >0 < m? —mym? —16 =16 >0
m =44 m=4
e ym? —16(Ym2 =16 —m) >0 < @{ .
\/m2—162m m<—4

Vay | m[>4 thi phuong trinh da cho c6 nghiém.

Phuong trinh <Z>\/2X2 — mx =\/X2 -4 <:>{

X120 =
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Chuyén dé phwong trinh — Bét phwong trinh

Chii y : Bai toan trén ta c6 thé giai ngén ngon hon nhu sau: Néu (2) c6 nghiém thi

X, =2
| XX, |:4:>“ ! ||> 5 nén phuong trinh da cho c6 nghiém < A>0<|mf>4.
X, >
Bai tap
Bai 1: Giai cac phuong trinh sau
DV3x—-3—~/5-x=+2x-4 2W8x2 —6x+1-4x+1=0
3)yJ(x +5)(Bx +4) =4(x 1) 4) 6,4 =28 —4Jx -2 —y-1
Jx -2 \/y—l
2
X 2
5) =x—-4 6) x —2x — —\/;(x—1)+ x*—x=0
(1+\/1+x)2

7)\/_—\/X—\/1—X=1 8) ax* +x*Vx? +a+x*=aa+1)
9) J(x+2)2x —1) =3Vx +6 =4 —/(x +6)(2x — 1) +3Vx +2.

10) \/X—1+\/X3+X2+X+1=1+\/X4—1. 11)i+,/x—lzx+,/2x—§.
X X X

12) 2x —1=x3/16 —2x +1 13) x +Vx+5=5
14) x* —2x%Vx? = 2x +16 + 2x* —6x +20=0.

15) Vdx® +5x +1-2vx% —x +1=9x - 3.

Bai 2: Giai cac bat phuong trinh sau:

1) 4(x +1)% 2 (2x +10)(1 = /3 + 2x)? DVx+2 —x+1<x
3)J(x+5)Bx+4)>4(x—1)  HJTx-13 -3x -9 </5x 27
5)VI+x —Jl-x>x 6) V3x+4 +Vx -3 </4x+9
TIWXE —dx +3 -2 —3x+1>x -1 8) V25— x% +x% +7x >3

9) Vx% —8x +15 +x% + 2x —15 > \/4x® —18x +18 10) —2 < J2x+1-1

V2x+9
11)\/x+i2+\/x—i2>g 12)Vx? —3x 42 +4x2 —4x +3>2x2 —5x + 4
X X X
s
13)‘/ X HX+4+2 14) V1-2x +1+2x 22 x>

X
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Chuyén dé phwong trinh — Bét phwong trinh
Phwong phap dit an phu:

Noi dung cua phuong phap nay la dat mot biéu thire chtra can thirc bang mét biéu thirc
an moi ma ta goi 1a an phuy, roi chuyen phuong trinh an phu vira dat. Giai phuong trinh
an phu tim nghiém r6i thay vao bleu thirc vira dat dé tim an ban dau.

V6i phuong phap nay ta thuong tién hanh theo cac budc sau

B1: Chon cach dit an phu, tim diéu kién xé4c dinh cua an phu

Budc nay 1a bude quan trong nhét. Ta can phai chon biéu thurc thich hop dé dat an phu,
dé lam t6t budc nay ta phai nhan xét duoc mdi quan hé cta cac biéu thirc c6 mit trong
phuong trinh, bat phuong trinh. Cy thé 1a ta phai tim duoc su biéu dién cta cac biéu thirc
chtra an trong phuong trinh qua mot dai luong khéc.

B2: Chuyén phuong trinh (bpt) ban dau vé phuong trinh (bpt) an phu vira dit.

Thong thuong sau khi dit 4n phuy thi phwong trinh thu dwgc thuong 1 nhimg phuong
trinh (bpt) ma ta da biét cach giai. Khi tim duoc nghiém ta can chi y dén diéu kién cia
an phu dé chon nhiing nghiém thich hop.

B3: Giéi phu’orng trinh (bpt) véi an phu vira tim ,du:qc va két luan tap nghiém.
Co rat nhieu cach dé dat an phu. Ta di xét mdt so dang phuong trinh (bpt) ma ta thuong
hay gap.

Dang 1: F(¥/f(x)) =0, voi dang nay ta dit t =%/f(x) (néu n chin thi phai c6 diéu kién
t>0) va chuyén vé phuong trinh F(t)=0 giai phuong trinh ndy ta tim duogc t = x .
Trong dang nay ta thuong gap dang bac hai: af(x) + by\/f(x) +¢=0.

Vi du I: Giai phuong trinh

Dx? +Vx? +11=31 2)(x +5)(2 - x) =3Vx? +3x

Giai:

1) bat t=vx?+11, t>0.Khi d6 phuong trinh da cho tr¢ thanh:
P +t-42=0t=6Vx*+11=6x=1%5.

2) Phuong trinh < x* +3x —3vVx% +3x —=10=0

bat t=+x2+ 3x, t>0.Phuong trinh da cho tr¢ thanh

t*-3t-10=0t=5< x2+3x:5@x2+3x—25:0@x=_3i—j@.

Vi du 2: Giai bat phuong trinh :

1) x% —2x =22 —N—x? +2x +24 >0 2) VX +V9—x <V-x2+9x +6

Giai:
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Chuyén dé phwong trinh — Bét phwong trinh

1) Dt t=v—x2+2x+24, (120) = x> +2x +24 =1 = x> = 2x 22 =2 ¢
Bét phuong trinh tré thanh: 2 —t* —t>0 & t? +t-2<0<0<t<1
—x?+2x+24>0 {4£xs6

=

oV-x?+2x+24 <1
x2 _ 9% 23>0 x<1-2J6 Vx>1+2J6

{—4931—2\/3
=

1a nghiém ctia bat phuong trinh d cho.
1+2J6<x<6

2)PK: 0<x<9
Bit phuong trinh da cho S 9+2V9x —x? <—x> +9x+ 6
S9x—x* —2V9x —x? =320 =VIx —x* 23 x> —9x +9<0

9-35 9+35

<x<
2 2

=

9-3v5__ _9+35

X<
2 2

Vi du 3 : Tim m dé cac phuong trinh sau ¢6 nghiém: x* +2x +2mv/5 —2x — x> =m”’.

Giai:

Dt t=v5-2x —x2 =6 — (x +1)? = t €[0;/6] va x2 +2x =5 — 2

Khi @6 phuong trinh da cho tré thanh: > —2mt+m? —5=0 ()et=m=t J5

Phuong trinh da cho c6 nghiém < (*) c6 nghi¢m te [0;\/8 ] hay

{Oﬁm—k\/gﬁx/g {—\/gﬁmﬁx/g—\/g

IA

Két hop voi diéu kién ta ¢6 nghiém ctia bat phuong trinh 1a:

0<sm-V3<v6 | V5em<yE 5

Vi du 4: Chimg minh ring véi Vm > 0 thi phuong trinh sau luén c6 nghiém:
%2 + (m? _§>m+2_m3 _0.

Giai:

it t=/x2 +4 = t > 2. Khi d6 phuong trinh di cho tré thanh

f(t)=t> +(m° —g)t —m’-2=0 (%).

Vi m>0= (*) ludn co hai nghiém t phan biét (Do A = (m? — %)2 +4(m’ +2)>0) va

f(2) =—(m® - 2m? + g)
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Chuyén dé phwong trinh — Bét phwong trinh
Ta s€ ching minh m’ —2m? +§> 0Vm=>0 (1).

*Néu m>2=m’ —2m? > 0= (1) dang

*Néu 0<m<2=m’ —2m? +%=(m+§)(m——)2 203m3—2m22_%
—m’ —2m? >i—£:i>0:>(1) dting.
3 27 27

= f(2) < 0= (*) luén c6 mdt nghi€ém t > 2 hay phuong trinh da cho luén c6 nghiém.

Chii y - * Néu tam thirc f(x) =ax> + bx+c thoa mén af(a) <0 = tam thuc ludn co
nghiém va néu a>0 thi nghiém d6 > o, néu a<0 thi nghiém d6 < a.

: , 4 : :
* Pé chung minh m® - 2m? + 3 >0 ta co thé su dung phuong phap ham s6 hoic BDT

Dang 2: m(,/f(x) +/g(x))  2n/f(x).g(x) + n(f(x) + g(x)) + p=0.
V61 dang nay ta dat t = \/ f(x) = \/ g(x) .Binh phuong hai vé ta s& biéu dién duogc nhimng

dai luong con lai qua t va chuyén phuong trinh (bpt) ban dau vé phuong trinh (bpt) bac
hai do1 voi t.

Vi dy I: Cho phuong trinh: V3 +x ++v6—x =m + /(3 + x)(6 — x) .
1) Giai phuong trinh khi m=3.
2) Tim m dé phuong trinh da cho c6 nghiém.
Giai:
Pit t=v3+x +/6-x =t =9+ 2,3+ x)(6—x) (¥)
Ap dung BDT Cési ta co 2\/(3 +x)(6—x) <9 néntu (*)=3<t< 2.
2

Phuong trinh da cho tré thanh: t=m+ o t?-2t-9=-2m (1)

1) V61 m =3 ta c6 phuong trinh: 2 -2t-3=0<=t=3 thay vao (*) ta dugc

\/(3+X)(6—X)=O<:{X:_3.
X

2) Phuong trinh da cho ¢6 nghiém < (1) c6 nghiém t € [3;3\/5 ].
Xét ham sb £(t)=t> — 2t —9 véi t €[3;3+/2], ta thdy f{(t) 1a mot ham ddng bién
= —6=3)<f(t) <FfBV2)=9— 632 Vte[33/2]

<m<3.

672 — 9
2

Do vay (1) ¢6 nghiém t €[3;3v2] < —6<—2m <9 — 62 <
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Chuyén dé phwong trinh — Bét phwong trinh
632 —9

Vay <m<3 la nhing gia tri can tim.

Chii y : Néu ham s6 xac dinh trén D va ¢6 tap gia tri 13 Y thi phwong trinh f(x)=k ¢

nghiémtrén D & keY.

Vi dy 2: Giai phuong trinh: v2x +3 +/x +1 =3x + 2,/(2x + 3)(x + 1) - 16.
Giai: Pk: x>-1.

Dit t=v2x +3+Vx+1, t20=>t2 =3x +2(2x +3)(x + 1) +4 (¥

Khi d6 phuong trinh trd thanh: t=t* —20 <=t —t-20=0<t=5

Thay t =5 vao (*) ta duoc:

—1<x<7

21-3x=2v2x2 +5x +3 < .
441-126x +9x2 =8x2 + 20x +12

—1<x<7 '
ST < x =3 la nghiém cta phuong trinh da cho.
X~ —146x +429=0

Vi du 3: Giai phuong trinh: x335— x> (x +¥35-x>)=30.

Giai:
3 p—
Pit t=x + 35— x &t =35+ 3x335 - x* (x + 35 - x7) = xd35 -7 = 3t35 (*)
£ 35
Phuong trinh da cho tr¢ thanh: ” t=30< t=>5 thay vao (¥) ta co:

x¥35-x> =6 x3(35-x%) =216 < x® - 35x3 +216:0<:{X

2 2
XL S Mi=xt X =) +2=0.

1-x> 2 X V1—x

Vi du 4: Giai phuong trinh: Lz +
X

Giai: bK: -1<x <.

g 1-x? X 1 x?
Dat t= + :>t2:—2+
X 1—x2 x° 1-x

2+1.

Phuong trinh da cho tr¢ thanh: 27 +5t+2=0t=—2;t= —% .

| 5 -1<x<0 |
LR T, DS Lk R S, PN 1 x2 S X=——F.
X — X
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Chuyén dé phwong trinh — Bét phwong trinh

| 5 | -1<x<0
o, D Lk R SN 1 x2 3 vO nghiém.
X 1-x

Vay phuong trinh d3 cho ¢6 nghiém duy nhit x = —%.

Vi du 4: Giai bt phuong trinh : V7x + 7 +v7x — 6 + 2J49x2 + 7x — 42 <181 —14x.
Giai: DK ng

Pt t =v7x + 7 +VTx 6, (t>0) = 14x + 2:49x> + Tx 42 =2 —1

Bét phuong trinh dé cho tro thanh: t+t* —1<181 < t* +t-182<0< 0<t<13
SNTx+T +J7x—6<13 (%)

Viham s6 f(x)=v7x+7 ++7x —6 1a ham ddng bién va f(6)=13= (*) = x <6

A re 30 A s A r [N 9 A 3\ 6
Két hop véi diéu kién ta ¢d nghiém cua bat phuong trinh : 5 <x<6.

> <2x+i+4.

2Jx 2x

Vi du 5: Giai bat phuong trinh : 5v/x +
Gidi: BK: x> 0.

Bpt <:>5(\/§+ !

2Jx
1
2%

5t<2(t> —1)+4 <22 =5t +2>0<t>2 (do tzﬁ)

)<2(x+i)+4.
4x

biat t= Jx + , (t= \/5) =X+ 4L =t —1 va bat phuong trinh tr¢ thanh:
X

3-242
| 0<x< > ’
t>2ox+—>304x> —12x+1>0 l1a nghiém cua bat phuong
4x 3+242
X >
i 2
trinh da cho.
Bai tap

Bai 1: Giai cac phuong trinh sau
1) V3x =2 +Vx —1=4x -9+ 2y3x% =5x + 2
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Chuyén dé phwong trinh — Bét phwong trinh

2) (x =3)(x + 1)+ 4(x - 3) X+;+3=o NV +x+2=x>+x

X_

4)€/X—\/X2—1+\/X+ x?-1=2 5)\/;+\/X+7+2 x? +7x =35-2x

6) \/X2+X+4+\/X2+X+1=\/2X2+2X+9 7)i+,/x—i=x+,/2x—§
X X X

8) VAx +3 +v2x +1 = 6x + V82 +10x +3 — 16
9) 18x2 —18x +5=339x2 —9x +2
10) x> +x +124x +1=36.

Bai 2: Giai cac bat phuong trinh sau:
D52 +10x+157=2x—x2  2) 2x2 +4x2 =5x =6 >10x +15
3)x? —2x+8-4J(4-x)(x+2)20 4) Y24+ x +12-x<6

5 J2x+1=x2+x  6) 12> X
1-x 1-x?
1 x> é(\ll—xz_i_ X

T)— + + )+2>0
x> 1-x* 2 x V1= x2
12 -x x—2 82
9 (12-x +(x—-2 <—
) ( ) X—2 ( ) 12-x 3
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Chuyén dé phwong trinh — Bét phwong trinh

Dang 3: F(U/f(x), ¥g(x))=0, trong d6 F(t)1a mot phuong trinh dang cip bac k.

V&1 dang nay ta xét hai truong hop: q
TH1: g(x)=0 thay vao phuong trinh ta kiém tra,

TH2: g(x)#0 chia hai v& phuong trinh cho g*(x) va dat t=p fEX; ta dugc phuong
\/ g(x

trinh F(t) =0 la phuong trinh da thtrc bac k.
Ta thuong gap dang: a.f(x) + b.g(x) + c./f(x)g(x) =

Vi du 1: Giai phuong trinh: 5vx® +1=2(x> +2).
Gii: DK: x > 1.
Phuong trinh <> 5y(x + 1)(x2 —x +1) = 2(x* = x + 1) + 2(x + 1)

22t s | XL Lo 0 (Do xPox+150 Wx),
Xx“—x+1 X" —x+1
t=2
9 x+1 , . 2
bat t= 2—,t20,tacophu0'ngtrmh: 2t =-5t+2=0& 1-
X" —x+1 t=—
2
x+1 2 \ ~ ‘A
*t=2 —5——=4<4x" - 5x +3=0 phuong trinh v6 nghiém.
X“—x+1
+
*t:lc>2x;l=l<:>x2—5x—3=0<:>x=5_\/ﬁ.
2 x"—-x+1 2

Nhgn xét: Qua cach giai trén ta thiy duoc co sd cia phuong phap giai 'dang toan nay va
cling 1a con du’orng dé sang tac ra nhitng bai toan thudc dang trén 13 xuét phat tir phuong

trinh dang cép hai 4n dang aa’ + Bab + yb2 =0 (c6 thé bac cao hon) ta thay thé a,b bang
cac biéu thirc chira x va bién d6i di chit it dé che dau di ban chit sao cho phuong trinh

thu dugc d& nhin vé mat hinh thirc va mdi quan hé gitta cac dbi twong tham gia trong
phuong trinh cang kho nhan ra thi bai toan cang kho. Do d6 voi dang toan nay ching ta
can biét nhan xet mdi quan h¢ gitra cac biéu thirc 6 mit trong phuong trinh. Tuy nhién
néu khéo 1éo gidu di méi quan hé d6 thi viéc tim ra 101 giai 1a mot van dé hét stc kho
khan. Ta xét vi du sau.

Vi du 2: Giai phuong trinh: v5x% +14x +9 —vx? —x =20 = 5v/x + 1.
Gii: DK x >5.

Phuong trinh <> v5x2 + 14x +9 =/x? —x =20 + 5v/x + 1
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Chuyén dé phwong trinh — Bét phwong trinh

& 5x2 +14x +9 = x% + 24x + 5+ 10y (x + (x> — x - 20)
& 2x? —5x+2:5\/(x+1)(X2 —x —20) = 5\(x + D)(x + 4)(x - 5)
o 2(x? —4x—5)+3(x+4)=5\/(x2 —4x =5)(x + 4)

2 . 2 .
@2)( 4x S_S/X 4x 5+3:O.
x+4 x+4
2_ —
Datt:JLZS,tzo,tacéphuongtrinh:2t2—5t+3:0<:>t:1;t=%.
X +

i 5+\/6_

> 1>5(n)

F =l x2—5x-9=0<

:5—J5<5 "
i 2
3 x=8 (n)
¥ t=" > 4x% - 25x - 56=0< 7
2 x==2 ()
5+\/a

Vay phuong tinh da cho c6 hai nghi¢m: x = ;X =8.

2
Chu y : Trong nhi€u bai toan ta c6 thé dua vao nhitng 4n phu khac dé lam don gian hinh
thirc bai toan va tu do ta dé dang tim dugc 101 giai.

Vi du 3: Giai phuong trinh: Vx? +2x +42x —1=3x% +4x +1.
Gidi: Pat a=vx? +2x, b=+/2x—1=3x> +4x +1=3a? - b?

Phuong trinh tré thanh: a+b = 3a —b? < a’—ab-b* =0

Sa= 1 +2\/§ b Vx? +2x = 1 +2\/§ v2x —1. Giai phuong trinh nay ta dugc nghiém

1++/5
2

X = va day 1a nghiém duy nhat ciia phuong trinh da cho.

Vi du 4: Giai phuong trinh: (X2 —6x+11)V X2 —x+1= 2(X2 —4x +T)Nx—-2.

Giai: bK: x>2. Dbat a:\/X—2;b:\/x2—x+1,tacé:
x?—6x+11=(x* —x+1)—5(x —2) =b* — 5a°
x? —4x+7=x> —x+1-3(x—2)=b* —3a’
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Chuyén dé phwong trinh — Bét phwong trinh
Do vay phuong trinh da cho tré thanh: (b* —5a° )b = 2(b? - 3a2)a
& 6a° —52%b—2ab? + b =0 665 —5t2 — 2t +1=0 (t:%) @tzl,t:—%,t:%
*t=]l<a=bo x?—2x +3=0 phuong trinh v nghiém.
* t:—%<:>b:—2a vo nghi¢m do a,b>0.

* t:%®b=3a<:>xz—10x+19=0<:>X:5i\/€.

Pbi chiéu vé6i diéu kién ta c6 nghiém cia phuong trinh [a: x =5+ J6.

Nhdn xét: Xuat phat tir phuong trinh : (a — b)(2a + b)(3a —b) =0 ta thay

=x-2;b=+x? —x +1 va bién dbi ta thu dugc phwong trinh trén.

Vi du 5: Giai phuong trinh: 18x% —13x +2 = \/3(81x4 ~108x> +56x* —12x +1).
Giai:

Tacé: 18x* —13x +2=2(2x -1)* —x=2a-x (a=(3x—1)?)

81x* —108x> +56x? —12x +1=(3x = 1)* + 2x? =a? + 2x?

Vay phuong tinh da cho tr¢ thanh:

a>2x >0
2a—x=\/3(a2+2xz)<:>{ 5 <:>{a *

a? —dax —5x% =0 a=-x;a=>5x

—X 22X .
fa=-Xxog vO nghi¢m.

Ox“ —5x+1=0

5x 2 2x 11++/85
*a=5x & 5 SX=—,

9x“ —11x+1=0 18

11++/85

Vay phuong trinh da cho ¢6 hai nghiém: x = 8

Vi du 6: Tim m dé phuong trinh sau ¢ nghiém:

\/—1+X \/— 2/

Giai: DK: —-1<x<1.
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Chuyén dé phwong trinh — Bét phwong trinh

Dat t:‘\l/l_X :‘\1/ 2 —1 =t €(0;+00) va phuong tinh tr¢ thanh:
1+x 1+x

\/l-l—m.tz—2(‘/(1—m)(1+m).t+\/1—m=0<:>41+m.t:x4/1—m<:>t:4l_m .

1+m

Phuong trinh da cho c6 nghiém <:>4,/1_m >0 -l<m<I.
+m

Vi du 7 (PH Khéi A — 2007 ): Tim m dé phuong trinh sau c6 nghiém:
3Wx —1+myx +1=2Vx>—1.
Giai: DK: x >1.

* x=1 la nghiém phuong trinh << m=0.

* x #1 chia hai vé phwong trinh cho Yx? -1 ta duoc: 34,/X_i +m4,/X+1 =2.
X + X —

Détt:‘{/x_lz‘{/l— 2 = 0<t<l Vt>1 vaphuong trinh tr¢ thanh:
x+1 x+1

3t+%=2<:>3t2—2t:—m (*) .

Phuong trinh da cho c¢6 nghiém < (*) c6 nghiém t e (0;1).

Vi —%£3t2 —2t <1 Vte(0;1) =(*) co nghiém t e (0;1)
1 1

& —<—-m<ls-1<m<—,
3 3

. |
Vay —1<m£§1a g1a tr1 can tim.

Qua cac vidu trén ta théiy viéc dat biéu thic nao béng an phu la mau chdt cta bai toan.
Dé chon dugc biéu thie dat an phu thich hop thi sau khi dit ta phai biéu dién duoc cac
biéu thirc chira x khéc trong phuong trinh , bat phuong trinh di cho qua an phu vira dat.
Tuy nhién trong nhiéu truong hop ching ta khong thé biéu dién hét cac biéu thirc chira x
c6 mit trong phuong trinh , bat phuong trinh qua an phu duoc ( Chang han phuong

trinh : 2(1—x)V x?+2x—1=x%-2x - 1) ma ta chi biéu dién dugc mot phan nao d6 qua

an phu va phuong trinh thu dugcla mot phuong trinh hai 4n gdm an cii va an phu vira
dat. Ta xét dang toan sau.
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Dang 4: a.f(x)+g(x)/f(x) + h(x)=0. Véi phuong trinh dang ndy ta c6 thé dat ’

= Jf(x), khi do ta duoc phu’O’ng trinh theo 4n t: at? + g(x)t+h(x)=0, ta giai phuong

trinh nay theo t, xem x 1a tham so (Tt 1a trong phuong trinh vira c6 t vira ¢6 x) nén ta
thudng goi dang nay 1a dang dit an phu khong triét dé.

Vi du 1: Giai phuong trinh: 2(1 — x)V x2+2x—1=x>-2x-1.

Giai:

Pit t =vx* +2x —1, ta duoc phuong trinh: £ — 2(1-x)t —4x =0 day la phuong trinh
bac hai 4n t c6 A'=(x + 1), do d6 phuong trinh nay c6 hai nghiém: t=2,t=-2x.

¥ t=D eVl 42x—1=2x>+2x-5=0=x=-1%+/6.

x<0
* t=-2x < Vx° +2X—1=—2X<:>{ hé nay vo nghiém.

3x% —2x +1=0
Vay phuong trinh da cho ¢6 hai nghiém x=—-1+ NG

Vi du 2: Giai phuong trinh: V2x+4 -2J2-x = ﬂ

Vox2 +16
Giai: DK: —2<x <2 (¥).
Tacd: 12-8x =2(2x + 4 —4(2 — x)) = 2[(V2x + 4)* = (2v2 - x)?]
— Phuong trinh: (v2x +4 — 242 - x)(2v2x +4 +4J2 = x —/9x% +16) =0
[\/2x+42\/2X:O (1)

=
2N2x+4+42-x =49x2 +16  (2)

Ta co: (1)<Z>2X+4=8—4X<:>X=§ thoa man (*).

(2) < 48 —8x +16v8 —2x? =9x% +16 <= 4(8 — 2x?) +16V8 —2x* —x* —8x =0

< 2 2 2 t=x
bat t=2v8—-2x", t >0, ta duoc: t° + 8t —x —8X=0<Z>|:t g
= —X —
0<x<L2
Ft=x <> 28— 2x° =X & 5 2<:>X=ﬂ.
32-8x"=x 3

* t=—x —8<>2v/8—2x? + x + 8 =0 phuong trinh ndy vd nghiém (do (¥)).

Vay phuong trinh da cho c6 hai nghiém: x = %; X = 3
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Vi du 3: Giai phuong trinh: 3x® —13x% +30x —4 = \/(6x +2)(3x —4)* (D).
Giai: bK: xZ% \Y XS—%.

Ta c6 3x* —13x% +30x —4=2(6x +2) + (x* = 3x + 2)(3x — 4)

* Néu x < —% = VT(1) <0< VP = (1) v6 nghiém.

* Néu x 2% chia hai vé phuong trinh cho 3x —4(do x =% khong la nghiém cua

phuong trinh) ta dugc: 2. ox+2_ 3x—4) Ox +2
3x—4 3x—4

+x%2-3x+2=0.

6x +2

3x—4

Dat t= , t > 0. Phuong trinh tr¢ thanh:

t=x-—-1

2t —Bx—4t+x>-3x+2=0& _Xx=2-

4

4
X >—
[ X >—
*t=x—-1< 6X+2=x—1<:> 3 = 3 &Sx=3
3x -4 6x +2

gD -390 -x+2)=0

p_X=2 /6X+2_X—2<:> X 22
2 3x-4 2 3% —16x% +4x —24=0 (*)

Str dung may tinh ta thiy (*) c6 duy nhat nghiém x =~ 5,362870693.
Vay phuong trinh d3 cho c6 nghiém x =3 va nghiém gan ding x ~ 5,362870693.

Bai 1: Giai cac phuong trinh sau:

_ 944193 - 17:+3V73
4 9

1) 2x% —5x +2=42(x* —21x —20)  (DS: x ;

)

2
2)x4+2x2+2x2—2x+1=(x3+x),/1 X HD:PT chi ¢6 nghiém khi 0< x <1. Dit
X

a=x(x+1);b=1-x.DS: X=—1+\/§).
3) x> —3x2 +2¢J(x +2)° —6x=0 (Pt y=+/x+2.DPS: x=2;x=2-2+/3)
4) 2(x® =3x+2)=3Vx>+8 (x=3++/13).
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4) 2x+x_1=\/1—l+3\/x—l (t= -1 ps: x=1+*/g )
X X X X 2

5) X2—3X+1=—L\/X4+X2+1 (x=1).
J3
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Pit 4n phu ciac ham lwong gidc:

Khi giai phuong trinh luong gidc ta thuong dat an _phu cho cac ham s6 luong giac va
chuyén vé phuong trinh dai s6 co ban ma ta da biét giai. Tuy nhién trong nhleu truorng
hop cach 1am nguoc lai t6 ra kha hiéu qua, bang nhimg tinh chit cia ham sé luong giac
ta s& chuyén bai toan dai sb vé bai toan luong giac va giai giai quyét bai toan luong giac
nay.
Chung ta nén luu y dén nhiing tinh chét dic trung ctia cdc ham so lugng giac:
V&i ham sd sin va cosin:

* Tap gi4 tri ctia hai ham sé nay 1a [ - 1;1].

* sin” o + cos” o= 1 < 1 —sin”® a = cos’a,
V6i hai ham s tan va cotan

*Tap giatrilaR
1+ cot’ o= !

> .
COS2 (0 Sll’l2 a

Hai tinh cht trén 1a co s& dé ching ta lya chon phwong phap nay. Ta xét cac vi du sau

* 1+ tan’ o =

Vi du 1: Giai phuong trinh: 1++1—x? =2x7.

Giai: DK: | x [<]1.

Vi bai toan nay chiing ta c6 thé giai bang phuong phap binh phuong hoic dit an phu.
Cach tién hanh hai phuong phap nay tuy khac nhau nhung ciing mét muc dich 13 lam
mat cdn thirc. Di nhién mot cau hoi dit ra 1a ngoai hai cach noi trén con ¢ cach nao dé
loai bé can thirc nita hay khong ?. Dé tra 10i cau hoi ndy thi ching ta can phai xac dinh
14 can lam xuét hién gi thi s€ loai bo dugc can thuc ? Ta phai bién ddi 1 - x2 =a?! déng
thirc ndy s& goi cho chiing ta nhé dén cong thirc lugng giac giira sin va cosin. Diéu nay
hoan toan hop li vi ta théy duoc diéu kién xac dinh cta x 1a doan [ —1;1]. Vay ta c6 cach
gidi nhu sau:  Dat x =cost, t €[0;n]. Khi d6 phuong trinh tr¢ thanh:

: . . 1 :
1+V1-cos’t=2cos’t < 2sin’t +sint—1=0<sint=— (do sint>0).

. [ . 3 .. A, . ~
Vay x =cost==%VI1 - sin? t = i% l1a nghi¢m cua phuong trinh da cho.
Nhin xét: Co so dé dan dén cich dat nhu trén 1a mién x4c dinh cta x e [-1;1] va can
bién ddi 1-x* =a’. Tur day ta c6 duoc nhan xét tong quat hon nhu sau:
X . . 1A A s . T T .
* Néu |u(x)|<a thi ta co thé thuc hién phép dit u(x)=asint ,te [—5;5], hoac dat
u(x)=acost, te[0;m]

* Néu u(x) €[0;a] thi ta c6 thé dat u(x) = asin’t, te [O;g] :
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Vi du 2: Giai phuong trinh: x>+ \/(1 —x? )3 = X\/2(1 — xz)

Giai: DK: | x [<]1.

bat x =cost, te[0;n]. Phuong trinh tr¢ thanh:

cos’ t +sin® t =2 costsin t < (sint+cost)(l —sintcost) = J2sint.cost

2 2
<:>u(1—u2 1):\/§u2 1<:>u3+\/§u2—3u—x/§:O (u:sint+cost,|u|S\/§)

S u-vV2) W +2V2u+) =0 u=+2;u=—/2 +1
V2

* u:x/§<:>cost—E =1<Z>t=£Z>X=COS£=—.
( 4) 4 4 2

<1-+/2
*u=1—ﬁ<:>x+x/1—x2=1—\/§<:> X \/_
1-x%2=(1-+2-x)

@{XSI\E @le—\/f—ﬂ—\/z
: .

x2—(1-V2)x+1-~/2=0
V2 _1-\2-\2-2
. .

Vay phuong trinh da cho ¢6 hai nghiém: x =

5

Vi du 2: Giai phuong trinh: \/ 2-2V1-x2 =x(1+v1-x?).

Giai: DK: [x|<1.

bat x =sint, te [—5 5] Phuong trinh da cho tré thanh:

\/2—2\/1 —sin’t =sint(l+v1—sin? t) < /2(1 —cost) =sint(l + cost)

.t . t .t .t t
< 2|sin—|= 2sintcos® — Slsin—|= 2sin—cos’ — (*).
2 2 2 2

“Néu te [—%;0) = () o sin%(2c053 % +1)=0 v6 nghiém .

ot 1
COS—=——
i 3
* Néu te[O;g] = () o sin%(2cos3%— hoow| 2 2
.ot
sin—=0

+) Voi cos— = :> sm / (do te[0;—]= s1n > 0)

= X=sint= 2sm cos——
2 2
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Chuyén dé phwong trinh — Bét phwong trinh
+) Voi sin%:O:t:O:X:sint:O.

Vay phuong trinh da cho c6 hai nghi¢m: x = V¥4 -1;x=0.

Chii y : * O trén ta thuc hién phép dit x =sint, ta ciing c6 thé dit x = cost tuy nhién
néu dat x =cost thi s€ dan dén bai toan bién doi phuc tap hon.

*Vite [—g;g] = % € [—%;%] nén ta chua khang dinh dugc sin% duong hay am, do

d6 khi dua ra khoi can thirc thi ta phai co tri tuyét doi.

Vi du 4: Giai phuong trinh: \/1—\/2X—x2 +\/1+\/2x—x2 __ 2

[x=1]
Giai: PK: 0<x<2.

Tathéy 0<+2x — x? <1, nén ta dat V2x — x? =cost, te[O;g]:>|x—1|=sint

Phuong trinh tré thanh: J1-cost ++/1+cost =

|sint |

< 2(1+sint) = osin’t+sin’t-2=0<sint=1< cost=0

2t

< 2x — %2 =0 x=0,x=2.
Vay phuong trinh da cho c6 hai nghiém x=0,x =2.

sin

Vi du 5: Giai phuong trinh: x> —3x=/x+2.
Giai: bK: x>-2
* Vo x>2=x° —3x =x + x(x° —4)>x >+/x +2 = phuong trinh vo nghiém.
* Vo1 —2<x<2,dat x=2cost, t €[0;n]. Khi d6 phuong trinh da cho tr¢ thanh
t=0
800s3t—6cost:x/2+2c0st<:>cos3t:cos%<:> . 4m 4 -
7

>

Vay phuong trinh da cho c6 ba nghiém: x =2;x = cos4—5n;x = cos4—7Tc :

Vi du 6: Giai phuong trinh: 64x> —112x% +56x = 7=21—x .
Giai: PK: x<1.
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Néu x<0= VT <0 ma VP >0 nén phuong trinh v nghiém. Do vy ta chi giai

phuong trinh khi 0 < x <1. Do viy ta c6 thé dat x =cos’t, te [O;g). Khi d6 phuong

trinh da cho trd thanh: 64cos®t—112cos*t + 56c0s*t — 7 =2sint (*).
Mat khac cos7t = 64cost’ —112cos’ t +56cos> t — 7cost nén

o 21
t=—+k=—
(*) < cos7t =2sintcost <> cos 7t =sin 2t = cos(E -2t) < 18 ?
2 o 2n
t=——+k—
10 5
. T, - n T Sn 3n
Vi t€[0;—) nén ta c6 cac nghiém t=—;t=—:;t =
2 18 18 10"

Viy phuong trinh d3 cho c6 cac nghiém 1a: x = cos® T, :X = cos? f—g X = cos’ ?g

Chit ¥ : Ta c6 sy biéu dién cosnx qua cosx nhu sau:

cosnx = ). an’k.cosn_zk x . Trong d6 a, , =(-D)* k2rl Rk
k=0

Ja+x2)°
Vidu 7: Giai phuong trinh : 2x + V1 + x° =(1—X2).
-X
Giai: bK : x #+1.
bat x =tant, te (—g;ﬁ);t #* ig. Phuong trinh da cho tré thanh

2tant+m_\/m 2s1nt+1 1

1—tan’t cost cost.cos 2t
sint=0

<> cos2t(2sint+1)=1

(1—2sin” t)(2sint +1) =1 < 2sint(2sin’*t +sint —1) =0 < _ 1

sint =—
2
*sint=0=>t=0=x=tant=0.

. 1 T n 1
*sint=—=>t=—=t=tan—=—=
2 6

Neh

Vay phuong trinh c6 hai nghiém: x =0 va x = L
V3

Bai tap:

Bai 1: Giai cac phuong trinh sau:

GV: Nguyén Tit Thu — Trwong THPT Lé Hong Phong — Bién Hoa — Pon <



http://www.pdfonline.com/easypdf/?gad=CLjUiqcCEgjbNejkqKEugRjG27j-AyCw_-AP

Chuyén dé phwong trinh — Bét phwong trinh

D VI+VI-x% =x(1+2V1-x?%)
1 V2442

2) 1-x% =4x> - 3x (X=——F;x=2—"").

27T 4
3 V1=V x2[J1-x)° =1 +%)°]=2+1-x
4) 1+§\/x—x2 =Jx +/1-x

\/1+2X\/1X2
2

5) =1-2x> (x=—F%=;x= ).

J2° 2

6) x> +(1-x2)® =xq2(1-x2) .
7) V1 - x> :(%—&)2.

8) 729x* +8V1—x* =36.
9)l+ x =3\/§.
X X2—1 2

10) VX +1+4/8—x =3 /(x + )8 —x) =3.
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Chuyén dé phwong trinh — Bét phwong trinh
Pit an phu dwa vé hé phuong trinh.

Vi dy 1: Giai phuong trinh: 3+ x ++/6 —x =3+ /(3 +x)(6 —x).

Phuong trinh nay ching ta da c6 cach giai ¢ trén. Ta thiy VT cta phuong trinh trén la
tong cua hai can thirc, con VP chtra tich cua hai can thic do va ta nhan thay hai can thuce
& VT ¢6 quan hé tong binh phuong cua ching bang 9, do d6 néu ta dit a =v/x + 3,
a+b=3+ab

. Pay 14 h¢ d6i ximg loai I,
a?+b2=9

b=+/6 —x thi ta c6 dugc hé phuong trinh {

cre A s a=0 a=3
giai h¢ nay ta dugc \Y b0’

*a=3<x=0.
*a=0=x=-3.

Nhin xét: Dang tong quat cia phuong trinh trén 1a:
F(f(x),%a +f(x),%b - f(x))=c.
Pé giai phuong trinh ndy ta dat: u="Y/a + f(x), v="1b - f(x), luc d6 ta c6 hé phuong

f(u,v)=c o
trinh: giadi hé nay ta tim dugc u, v. Tur day ta co duogc x.
u"+vh=a+b

Chu ¥ : Dé tim x ta chi cAn giai mot trong hai phuong trinh: %/a + f(x) =u hoic

Wb —-f(x)=v.

Vi du 2: Giai phuong trinh: 324+ x +/12-x =6.
Giai: PK: x<12.
Pat u=324+x; v=12—x = u<336, v>0, ta c6 hé phuong trinh:

u+v=06 v=6—-u v=6—-u

3,2 1.3 2 < 2

u +v°- =36 u +(6-u)" =36 u(u®+u-12)=0 (*)
Phuong trinh (*) c6 ba nghiém : u =0;u=—4;u =3 théa man u <3M36.
Tur day ta tim dugc: x =-24;x =—-88;x =3.
Vay phuong trinh da cho c6 ba nghiém: x =—-24;x =—-88;x =3.

Vi du 3: Giai phuong trinh: ¥x + 417 - x =3.

Giai: bK: 0<x<2.
bat azi‘/;; b=%17-x;a,b>0.Tacod hé phuong trinh
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Chuyén dé phwong trinh — Bét phwong trinh

a+b=3 a+b=3 a+b=3

4 | 1.4 < 2 2 21.2 32,2
a - +b" =17 [(a+Db)” —2ab]” —2a"b" =17 a“b” —18ab+32=0

a+b=3
< :

ab=2Vab=16

la+b=3 a=1 a=2 x=1
e VoI = \Y = .
ab=2 b=2 b=1 x =16

. la+b=2 o »
e Vi = hé v6 nghiém.
ab=16

Vay phuong trinh da cho c6 hai ngiém x =1;x =16.

Vi dy 4: Giai phuong trinh: (2 — x) +3(7 + %)% -2 - x)(7 +x) =3.

Giai: Pat a=32—x; b=3/7+x , ta ¢6 hé phuong trinh

a’+b>—ab=3 [(a+b)’—3ab=3 {a+b:3 {azl {a:2
& & & \Y .

a’+b’>=9 (a+b)a’ —ab+b*)=9 (ab=2 b=2 (b=l

Tu day gidi ratadugec x=1va x=-6.

Vi du 5: Giai phuong trinh: 2x> +1=232x —1.
Giai:

x> +1= 2y
Pit y=32x —1 <y’ +1=2x vy ta c6 hé phuong trinh :{ ;

y +1=2x

x3—y3:2(y—x)<:>(x—y)(X2+xy+y2+2):0<:>xzy
(Do X2+xy+y2+2:(x+%)2+%y2+2>0)

—1++/5

<:>X3+1=2X<:>X3—2X+1=0<:>(X—1)(X2+X—1)=0<:>X=1;X= 5

145

Vay phuong trinh da cho c6 ba nghiém: x =1;x = S

Chii y : Dang tong quat ctia bai toan trén 1a: (f(x))n +b=abfaf(x)—b, dé giai phuong
t" +b=ay

trinh nay ta dat t =f(x);y =4%/af(x) —b ta cd hé: {

yn+b=at.
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Chuyén dé phwong trinh — Bét phwong trinh

X+3

Vi du 6: Giai phuong trinh : 2x* + 4x =
Giai: bK: x >-3.

Phuong trinh < 2(x +1)* — 2 = /(X”)+2 o (x+1)? - =%/ .

batt=x+1y= \/Xgl

+1—\/2+1:>y —1—5 , ta c6 hé phuong trinh:

t2—1=ly t=y

2 -y (t+y+o)=0o |
v —1=1t Y

2

+ 3+
*t=y<:>t2—1=%<:>2t2—t—2=0<:>t:1_;/ﬁ<:>x=3_7\/ﬁ(théadkx2—3)
—1+ -5+

y——t—%:(t+—) —1—2<:>4t F2-3=0e =it */— x:S—T\/B

(théa dk x >-3).

3+17 —5+413

Vay phuong trinh d3 cho c6 bén nghiém: x = 2 ;X = 2

Vi du 7: Giai phuong trinh : 4x% +7x +1=2vx+2 .

Giai: bK: x>2

Phuong trinh < (2x +1)* +3x =24/2(2x +1) - 3x

Pit t =2x +1;y =+/2t — 3x = y* + 3x =2t = ta ¢ hé phuong trinh

t2+3X=2y y=t
=>(t-y)(t+y+2)=0< :
y? +3x =2t y=—t-2
x=-1
*y=tot? —2t+3x=04x" +3x-1=0 1
X =—
4
x=-1
y=—t-2=t"+3x+2(t+2)=04x" +11x+7=0< 7
X =——
4
A N . A 7 1
Vay phuong trinh da cho c6 ba nghiém: x =-1;x = _Z;X =7
Vi du 8: Giai phuong trinh: x* — x —1000~/1 +8000x =1000.

Giai: PK: x > L
8000
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Chuyén dé phwong trinh — Bét phwong trinh
biat ay+ b= J1+8000x < azy2 +12aby + b% —1=8000x , ta co hé phuong trinh
{xz —x —1000(ay + b) =1000 - {xz —x —1000(b + 1) =1000ay
a’y? +12aby + b> —1=8000x  |a’y® +12aby + b*> —1=8000x

-1 —1000(b+1) 1000a {a=2
= = Lamnt

Ta xac dinh a,b: € =
b=-1

aZ 12ab b2 -1 8000

y? -y =2000x

& x2-2001x=0< x =0;x =2001 1a nghiém cua phuong trinh da cho.

o |x*=x=2000y
ta cO hé: >X-y)(x+y+1999)=0<=x=y (Do x+y+1999>0)

Chii y : * Dang tong quat ctia phuong trinh trén la: v/ax + b =r(u.x + V)2 +dx + e, trong
d6: u=ar +d;v=br +e. Dé giai phuong trinh nay ta dat:
Jax + b =uy + v va dua vé hé di xtmg loai II.

* Tuong ty ta ciing c6 10i giai cho phuong trinh : /ax + b =r(u.x + V)’ +dx +e, trong
d6: u=ar +d;v=br +e. Dé giai phuong trinh nay ta dat:
Jax + b =uy + v va dua vé hé d6i xtimg loai IL.

Vi du 9: Giai phuong trinh: 3/3x — 5 =8x> —36x> + 53x — 25.

Giai:

Ta c6 phuong trinh < 33x —5=(2x-3)> —x +2

Pit J3x-5=2y-3= (2y—3)2 =3x — 5, khi d6 ta c6 hé phuong trinh
2x —3) =2y -3+x-2
(X =3) =2y =34X=2 5 b3 _boa (Véia=2x-3b=2y-3)
Qy-3P =2x-3+x-2

o@-b)a’+ab+b’+1)=0=a=b<(2x-3)=3x-5

& 8x° -36x2 +51x-22=0 (x—2)(8x* = 20x +11) =0 =

5+3

Vay phuong trinh da cho c6 ba nghiém x =2;x = YR

Vi du 10: Giai phuong trinh: 32 — x? =2 —x° .
Giai: x <32
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Chuyén dé phwong trinh — Bit phwong trinh
Pita=32-x%,a>0 =>a’=2-x><oa’+x*=2
Mit khac tir phwong trinh ban dau = a = 2-x> x> +a’=2
a’+x%2=2 )
Vay ta ¢6 hé phuong trinh: trtr hai phuong trinh ctua h¢ ta dugc
3, .2 _
X +a” =2
a3—X3—(a2—Xz):O<:>(a—x)(a2+ax+x2—a—x)=0(*)
Ta co: a2+ax+x2—a—X:a2+(a+x)(x—l)
*Voi x2l=a+x>0=>@+x)(x-1)20=a’ +(a+x)(x-1)>0
*V(’yi0SX<1:>a21:>a2+ax+x2—a—X:a(a—l)+ax+X(a—1)>0
*Vc’yix<O:>a+x<0:>(a+x)(x—1)>0:>a2+(a+x)(x—1)>0

—=a’+ax+x°—a-x>0 Vx

0<x<32
Dodo(*)<:>azxthayvéohétaduqc:xﬂx3:x<:>{ s < x=1.
X +x"—-2=0

Vay phuong trinh d3 cho ¢6 nghiém duy nhat x =1.

Vi du 11: Giai phuong trinh : \/l—x2 +‘\l/x2 +x-1+81-x=1.

~1++/5

Giai: bK: 5 <x<l1.
bat a:VI—Xz,b:\]4 x? +x—1,c=91-x:a,b,c>0,tacohé phuong trinh :
a+b+c=1 a’<a
a,b,c>0
a2 +b*+c®=1. Vi —0<ab,c<l={b*<b=a?+b*+cb<1.
a+b+c=1
a,b,c>0 b <c

2
a=a

—hé < {b=b" < x =112 nghiém cia phwong trinh di cho.
c=c°

Vi du 12: Giai phuong trinh: V2 — x2 = (2 - Jx)?.

Giai: PK: 0<x <2,

a+b=2

at +bt =2

Diat a=+/x;b=2—+/x, ta c6 hé phuong trinh: { D

2, 12 2
ApdungBDTa ;b Z(a;b) , ta co:
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Chuyén dé phwong trinh — Bét phwong trinh

4 1.4 2 12\ 4
a’ +b |2 +b S a+b =2t 1 bt >0
2 2 2

Vay ()< a=b=1< x =1 la nghiém cta phuong trinh da cho.

Vi du 13: Giai phuong trinh : X=V3-xV4-X +V/5- x4 -x +/3-x/5-x.
Giai: DK: 0<x<3.
bat a:\/3—x;b=\/4—x;c:\/5—x; a,b,c >0, ta co h¢ phuong trinh:

ab+bc+ca=3—a’ (a+c)a+b)=3
ab+bc+ca=4—b> < {(b+c)b+a)=4=(a+b)b+c)c+a)=215
ab +bc +ca=5—c? (c+a)c+b)=5
a+b:2\/§ a:i
5 415
5 17 671 . A 1 e
—=><b+c=2,|- < {b=—=< x=—— langhiém cua phuong trinh da cho.
3 415 240
c+a—\/E C=L
4 415

Bai 1: Giai cac phuong trinh sau:

1) V2x +15 =32x2 +32x = 20 (X:%;x:_9_1—6 V221,

2) \/§+‘\‘/X(1—X)2 +‘\‘/(1—x)3 =vl—x +<‘/X73+\4/X2(1—X) (BS: x:O;x:l;Xzé)
3) PTx+1-Yx? —x -8 +3x* —8x—1=2.

4)Yx -2 +x+1=3
5)J2-x +Jx-1=1
6) Yx =¥x+1-¥x -1
7 417 - x® —32x® 1 =1
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Chuyén dé phwong trinh — Bét phwong trinh
Phwong phap lwgng lién hop

Xo € Dy

f(x)=0

Ma theo dinh li Bozu néu x=a 1a nghiém cua da thirc P(x) thi P(x)=(x —a)P;(x)

Ttr d6 ta ¢6 nhan xét: Néu Xo 1a mot nghiém cuia phuong trinh f(x) =0 thi ta co thé dua

Ta biét x = X la nghiém cua phuong trinh f(x)=0 < {

phuong trinh f(x)=0 vé dang (x — Xo)f;(x) = 0 va khi do6 viéc giai phuong trinh
f(x) = 0quy vé giai phuong trinh f;(x)=0. Ta xét vi du sau:

Vidu 1: Giai phuong trinh : 3(2+Vx—2)=2Xx++/x+6.

Giai: DK: x> 2. ’

Ta thay x=3 la mét nghiém cua phuong trinh ( ta nghi dén x=3 vi khi d6 x-2 va x+6 la
nhirng so6 chinh phuong) do do ta c6 thé dua phuong trinh vé dang: (x —3)f;(x) =0 nén
ta bién dbi phwong trinh nhu sau: 2(x —3) + (VX + 6 —3vx —2) =0, vin dé con lai cua
chung ta 13 phai phén tich Vx + 6 —3v/x — 2 ra thira s (x-3) (Cht y khi x=3 thi

Jx +6 =3vx—2), vi dinh li Bozu chi 4p dung cho da thirc nén ta phai bién déi biéu
thirc nay vé dang c6 mat da thuec, tuc 1a ta dua vé dang (x +6) —9(x —2) =-8(x — 3)

diéu nay giup ta lién tudng dén dang thirc a’ —b’ = (a —b)(a +b) nén ta bién dbi :

/—X+6_3m:(x/x+6—3\/x—2)(\/x+6+3x/x—2)_ ~8(x —3)

JX+6+3Vx -2 _\/x+6+3\/x—2
8 14 N
Suy ra phuong trinh < (x —3)(2 — =0 dén day ta chi can giai
y ra phuong (x-3) \/X+6+3\/X—2) y g
phuong trinh: 2 — 8 =0< VX + 6 +3Vx — 2 =4 phuong trinh nay co
JX+6+3Jx -2

mot nghiém x =

11-35
—

Vay phuong trinh da cho c6 hai nghiém x=3 va x =

11-3v5

14 2 2 \2 2 .
Qua vi du trén ta thay dé bo can thirc ta c6 thé st dung hang dang thtrc
a' —b"=(a—-b)@" ' +a" *b+...+ab" 2 + b1

hai biéu thirc (a —b) va (a" ' +a" ?b+...+ab" > +b" 1) ta goi 12 hai biéu thirc lién

hop ctia nhau. Nén phuong phép trén ta goi la phuong phap nhan lugng lién hop.
2

X
(1+V1+x)?

>x—4.

Vi du 2: Gidi phuong trinh :

Giai: bK: x>-1.
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Chuyén dé phwong trinh — Bit phwong trinh
Ta thay (1++/1+ x)2(1 -1+ x)2 =x? nén ta nhan luong lién hop 6 VT
* Vi x =0 bat phuong trinh try thanh: 0> —4 (dung)x =0 12 mot nghiém bpt.
*Voi x#0=1-+v1+x #0 nén

Xz(l—\/1+X)2
5 > X

Bpt < —4do1-2Vl+x+1+x>x-4Vx+1<3x<8

Két hop véi diéu kién ta c6 nghiém bat phuong trinh : —1<x <8.

Nhdn xét: O trén ta nhan lién hop v6i muc dich 1a truc can thirc & mau. Khi nhan ca tir

va mau ¢ VT véi biéu thirc 1—+/1+x thi biéu thirc d6 phai khac khong nén ta phai chia
lam truong hop nhu trén.

Vi du 3: Giai phuong trinh : Vx —2 +v4-x =x* —6x +11.

Giai: PK: 2<x <4

Ta nhan thiy phuong trinh c6 nghiém x =3, d6ng thoi voi x =3 thi Jx—-2=+4-x=1
Nén ta bién d6i nhu sau:

-3 3—x
Pteovx—2—-1+/4—-x -1=x2—6x +9 < — + —(x —3)
Vx=2+4+1 ~J4-x+1 ( )
(x—3>( = —(x—3>]=

Vx=2+1 +4-x+1
V4d—x —Vx-2 _(x-3) |=
Wx=2+1D)H4-x+1)

& (x-3) 3G -x) _(X_3)]:

< (x—3)

Wx—2+D)4-x +DV4—x +Vx -2
-3

&3 [(\/ 2+1)(\/4 X+ V4 —x +Jx -2

1]=0<Z>X=3

-1<0)

(J—2+1)(\/ﬂ+1w4 X +Vx -2

Vay phuong trinh ¢6 nghiém duy nhat: x =3.

Chii y : * Trong cach trén ching ta khong nhan lién hop ngay ¢ VT ma chung ta thém -1
vao mdi can thurc roi méi nhan lién hop, cach lam vay 1a dé xuat hién thira s6 chung x-3

& ca hai vé.
* Cach giai trén chua phai 1a cach giai hay nhat d6i vdi bai toan trén nhung no rat tu
nhién. Cach giai hay nhat d61 vdi bai toan do 1a cach danh gia hai vé, cu thé:
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Chuyén dé phwong trinh — Bét phwong trinh

VT <{2(x —2+4—x) =2 (¥) con VP =(x —3)> +2>2 (**). Nén phuong trinh

& VT =VP =2 < x =3. Tuy nhién trong nhiéu bai toan thi viéc sir dung lugng lién

Vi du 4: Giai phuong trinh : vx =2 +/4—x =2x* —5x —1.

Giadi: DK: 2<x<4.

MGi nhin vao phuong trinh ta s& nghi c6 thé giai phuong trinh nay bang cach danh gia !
Nhung ta khong thé giai theo cach danh gia vi VP > 0! Tuy nhién phuong trinh trén van
c6 nghiém x =3 nén ta giai phuong trinh trén bang cach nhan luong lién hop

PToVx—2-1+J4—x—-1=2x*>-5x-3

x=3
X -3 Xx—3
= — =(x-3)2x+1) < 1 1
Jx—2+1 Ja-x+1 (x=3)@x+D =2x+1 (%)

Jx—2+1 Ja—x+1
1 1 1

<y > =2 -1 VT(*)<2-+2.

x=2+1 " JA-x+1 J2+1 )

Mit khac x 22 = VP(*)=2x+1>5= (*) v0 nghiém.
Vay phuong trinh d3 cho c¢6 nghiém duy nhat: x =3.

Ta co:

Nhdn xét : * Ta c6 dang téng quat cua phuong trinh trén 1a:

2 .2 _ _
Jx—a+yb—x=(b-a)y> - 2a - bza)x—(a;b—z)‘/bza (PK:a+2<b).

* Qua bdn vi du trén ta thiy trong phuong phap nay viéc du doan nghiém ctia phuong
trinh 1a khau quan trong, ttr viéc dodn nghiém nay ta méi dinh hudng dugc cac phép
bién doi.

1—X_2X+X2

Vi du 5: Giai phuong trinh : -
X I+x
Giai: bPK 0<x <1.

Ta thay phuong trinh c6 mot nghiém x =% nén ta phan tich ra thira s6 .
Taco: PTo (1+x)VI—x =2x + X )Wx & x> (W1-x —Vx) + (1= x = 2x/x) =0
x2(1-2x) 1—x —4x° xX*(1-2x)  (1-2x)2x* +x+1)

= + =0 +
\/1—x+\/; \/1—X+2X\/; \/1—x+\/; \/1—X+2X\/;
2

2x% +x +1

X
+
V1—x +\/§ V1—x +2x\/;

0

< (1-2x)( )=0x :% (Do biéu thire trong dau () >0).
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Chuyén dé phwong trinh — Bét phwong trinh

Vay phuong trinh ¢6 nghiém duy nhat x = %

Vi du 6: Giai phuong trinh : Ix+2+3x+1 :%/2x2 + %/2){2 +1
Gidi: Do VT >1 nén = VP21 x> 1.
Ta thdy néu 2x? = x +1 thi hai vé cia phuong trinh bing nhau nén ta phén tich ra thira
s6 2x* —x —1.
Taco: PT < (\/3 2x2 +1-3x + 2)+ (\/3 2x% —3x + 1)=0
2x% —x -1 2x% —x -1

= + =

Jox2 +12 +Y2x® +Dx+2) +x+2)>  Vax* +2x2(x +1) + Y(x +1)°

< 2x2 —x—1=0 (do x > —1 nén khi dat 2x% —x —1 lam thra 6 thi biéu thuc trong
dau () luon duong ).

0

Sx=-lx= —% l1a nghi¢m cua phuong trinh da cho.

Chii ¥ : Bai toan trén co thé giai bang cach danh gia nhu sau

A 1 .2 .
*Néu 2x? =x+1e< x=—1I;x = —3 thi hai vé cau phuong trinh bang nhau.

*Néu 2x? >x+1=> VI<VP= phuong trinh vo nghiém.
* Néu 2x% <x +1= VT > VP = phuong trinh vé nghiém.

Vi du 7: Giai phuong trinh: x% +x —1=(x + 2)Vx> —2x + 2.
Giai:
Phuong trinh < x> —2x -7 +3(x +2) - (x + 2Vx> =2x +2 =0
2_ J—
o x?m2x—T+(x+ D0 -VxE —2x+2) =0 x? —2x —7 - X FEDE 22X =T
Vx? =2x+2+3
JE-D2+1-(x-1
PIRC NP S A SRS, 5. 2 S VY DUNC I I YA LC.S sl Sl t St A
Vx? =2x+2 +3 Vx?-2x+2+3

x2-2x-7=0x=1+7 1a nghi¢m cua phuong trinh da cho.

Nhdn xét: Qua nhimng vi du trén ta thay sau khi tao ra thira s6 chung, thi ta tim cach

chtrng minh biéu thirc trong déu () con lai luén 4m hodc luon dwong. Tuy nhién khong
phai bai nao ciing xdy ra truong hgp do6. Ta xét bai toan sau.

Vi du 8: Giai phuong trinh: 3/x +24 +/12-x =6.
Giai: PK x <12.
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Chuyén dé phwong trinh — Bét phwong trinh
Phuong trinh < (3/x +24 —3)+ (W12—-x —3)=0
x—-3 3—-X
= + =
Yx+24) +33x+24+9 V12-x+3
o x=-3)V12-x -3 (x+24)* -33x +24 -6)=0

x=3

= VI2—x =3Jf(x +24)* =3/x+24-6=0 (¥

Két hop véi phuong trinh ban dau ta co

(*)= Y (x +24)* + 43/x + 24 =0 < x = —24,x = —88 thir lai ta thdy hai nghiem nay déu
thda man phuong trinh.

Vay phuong trinh da cho c6 ba nghiém: x =-88;x =—-24;x =3.

0

Nhin xét: Dé giai phuong trinh (*) ta phai két hop véi phuong trinh ban dau. Ta cha y

rang phép biép d6i nay 1a phép bién ddi hé qua do d6 sau khi giai xong ta phai thir lai
cac nghiém dé loai di nhitng nghi¢m ngoai lai.

Vi du 9: Giai phuong trinh: 24/x% — 7x +10 = x +Vx2 —12x + 20 .
x<2

Giai: bK )
x>10

Pé don gian ta dit a =Vx? = 7x +10;b=\/x2 -12x+20=2a-b=x (I)
Ta thay phuong trinh ¢6 nghiém x=1.Ta bién ddi nhu sau:

PT<:>2(\/X2 —7x+10—(x+1)):\/x2 C12x 420 - (x +2)
o 18- _16(x —1)
\/X2—7X+10+X+1 \/X2—12X+20+X+2

(Vi 2 phuong trinh Vx2 = 7x +10 + x +1=0 va x> —12x + 20 + x + 2 = 0v6 nghiém ).

x =1

< :
9 _ 8 a0
a+x+1 b+x+2
p . o . 2a—b=x
Két hop (I) va (II) ta ¢6 h¢ phuong trinh : —>S5a=4x-5
8a—-9%b=x+10
5
X2 — +

S5 -Tx+10=4x -5 4 @Xzﬂ.

2
x? —15x +25=0
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Chuyén dé phwong trinh — Bét phwong trinh

Thay vao phuong trinh ban ddu ta thdy chi c6 nghiém x = ﬂ thoa man.

Vay phuong trinh da cho c6 hai nghiém x =1 va x = @

Bai tap: ’

Giai cac phuong trinh va bat phuong trinh sau:

D V5x—1+39-x=2x>+3x-1 (x=1) 2) \/ 6 +\/ 8 6 (x
3-x 2-Xx

3) (x —DVx? —2x+5 —4xvVx* +122(x+1) (DS: x<-1)
4 52 —2Yx —(x—4Wx =T -3x+28=0 (DS: x=8)
5) 2Vx® +3 -8+ 2x —x* =x

6) 2x% —11x +21=3¥4x + 4

7)Yx? —1+3x° =2 +2=3x

8) Vx2 +4=+/x—-1+2x-3

9) Vx2 —9x +24 —\16x2 —59x +149=5-x  ( x=5;
10) 2x% —11x +21=334x -4 (x=3)

11) x> =3x> —-8x +40=8¥4x +4 (x=3)

12) Ix -2 +/x+1=3

13) 2 -x +Jx-1=1

14) 17 - x® —2x® 1 =1
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Chuyén dé phwong trinh — Bét phwong trinh
Phuwong phap danh gia

Ciach 1: Tim mot nghiém va ching minh d6 12 nghiém duy nhat.

Vi du 1. Giai phuong trinh: \/36 +\/ 8 =6 (1).
- X

2-X
Giai: Diéu kién x<2.
V61 phuong trinh vo ti dang nay ta thuong du doan nghiém la cac gia tri cua x ma biéu
thirc dudi can thic nhan gia tri 1a mot s6 chinh phuong. Nhan thay nghiém cua (1) phai

16n hon 1. Bang cach thir ta thdy rang PT c6 mot nghiém l1a x :%

Ta chimg minh d6 1a nghiém duy nhat ciia phuong trinh (1) . That vay
‘ \/ 8 |8 -4
2-X r_ 2

— \/ \/ > 6= (1) v0 nghiém trong khoang (—00;3).
RED'¢ - X 2

*Voi —<x<2 chtirng minh tuong tu, ta co: \/ 6 +\/ 8 <6= (1) v0 nghi€ém
2 3-x 2-X
trong khoang (%;2).

Vay PT (1) c6 nghiém duy nhit x = %

Nhdn xét: *Ta thdy giai phuong trinh bing cach danh gia ndy quan trong 1a ta doan
duoc nghiém cta cta nd. Dé doan nghiém ta nén chi ra khoang chira nghiém va xét
truong hop dic biét dé tim ra nghiém trong do.

* Bai toan trén con c6 thé giai bang cach dua vao tinh don diéu cia ham sb. Tacé VT 1a
mot ham sb ddng bién.

Vi du 2: Giai Phuong trinh:  3x(2+v9x% +3) + (4x + 2)(1+V1+x +x2)=0 (2).
Giai:

PT < 3x(2 +4/(3x)? +3) + (2x + )2 +J(2x +1)*> +3) =0
& 3x(2+J3%x)% +3)=—(2x + )2 +/(2x +1)2 +3).

Tir (2) ta thiy PT chi c6 nghiém khi x € (—%;O) va nhdn thiy néu :3x =—2x -1
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Chuyén dé phwong trinh — Bét phwong trinh

S X= —% thi biéu thirc trong cin & hai vé bang nhau.Vay x = —% la mot nghiém cua
PT(2) . Ta ching minh x = —% 1a nghiém duy nhat ctia PT(2). That vay

V6 —L < x <—1 taco: 3x <-2x —1< 0= (3x)% > (2x +1)?

2 5
= 2++/(3%)2 +3>2+2x +1)2 +3

T d6 suy ra:

3x(2+{(3%)? +3) < —(2x + )2 +/(2x + 1) +3)
& 3x(2+40GBx)2 +3)+ 2x + D)2 +y(2x +1)> +3) <0

Vay (2) khong c6 nghi¢m trong (—%;—%).
*Chimg minh tuong tu ta ciing di dén (2) khong c6 nghiém trong (—%;O) :

Vay PT (2) ¢6 nghiém duy nhéat x = —% :

Chii y : 1) Bai toan trén c6 thé giai theo nhiéu cach khac nhau.
C2.bat a=3x,b=—(2x+1)=a,b <0 va phuong trinh tré thanh f(a)=f(b), trong

2
d6 f(t)=2t+tVt2 +3 ¢o f'(t)=2+Vt* +3 +

do do f(a)=f(b)<:>a:b<:>X=—%.

>0 nén f(t) 1a ham dong bién,

t2 43

C 3. Nhan lugng lién hop.

2) Thong thuong nhiing bai toan giai theo cach nay thi ta c6 thé giai bang cach sir dung
ham s0. Tuy nhién cach giai trén lai phu hgp véi nhitng HS chua hoc khai niém dao
ham .

Cdch 2: Pdnh gid hai vé

Xeét PT: f(x)=g(x)xéc dinh trén D
£ {f(X) 2 m(X) f(x) =m(x)
u :
g(x) £m(x) o g(x) = m(x)
Trong cach danh gia nay ta thuong dung cac bat dang thire quen thuge (nhu BDT
Cauchy, BDT Bunhiacovski, BDT chira tri tuyét doi... )d€ danh gia hai.
Sau day la mot so thi du minh hoa.

vx eD thi PT: f(x)=g(x) voi xeD <:>{
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Chuyén dé phwong trinh — Bét phwong trinh
Vi du 3: Giai phuong trinh: x* —2x*vx% = 2x +16 + 2x* —6x +20=0.
Giai:
Taco PTo x* —2x2Vx? = 2x +16 + x2 = 2x +16+ x> —4x +4=0
2 2 _
o (x2 —x? —2X+16)2+(X—2)2=O:>{X “NXTm2x+16=0 o
x—2=0

Vi du 4: Giai phuong trinh: 4vx +1=x? —5x +14.
Giai:
PTex? —6x+9+x+1-4Vx+14+4=0(x-3)> +(Wx+1-2)* =0

x—-3=0
S { <> x =3 la nghiém cua phuong trinh da cho.

Jx+1-2=0
Vi du 5: Giai phuong trinh : V4x —1 +v4x*> -1 =1.
Giai: PK x > %

[4.2
1> ,
Vi XZ%D{ ix 1_0:>\/4xz —1++/4x —12>1. Dang thtrc xay ra khi X=%.

Vvadx -12>1

Vay phuong trinh d3 cho ¢6 nghiém duy nhit x = %

Vi du 6: Giai phuong trinh:
\/1 +2x —x% + \/1 —V2x —x? =2(x=D*2x? —4x+1) (3).
Giai: Dicukién 0<x<2
Pitt=(x —1)*, tacd 0<t<1.PT (3) tré thanh:
JI41—t + 1= I—t =2t3(2t - 1). Nhan thy t>%
Binh phuong hai vé va rat gon ta duoc :

1+\E=2t4(2t—1)2@i+—_2(2t—1)2

KN

Vi t<13i+72222(2t—1) .TfId(’)SUYrat=l<:>X=2.

Vay nghiém cua PT (3) la:x =1.

Vi du 7: Gidi phuong trinh: v2x2 —x +1+v2x2 + x+1=2.
Gii:
Ap dung BDT Cauchy ta co:
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Chuyén dé phwong trinh — Bét phwong trinh
VT2 24(2x2 +1-x)2x2 +1+x) = 24(2x% + 1% - x2 =28ax* +3x% +122

\/2X2—X+1=\/2X2+X+1
x=0

Nén PT < { < x =0 1a nghi¢ém cta phuong trinh da cho.

Vi du 8: Giai phuong trinh :vVx —2 + /4 —x =x? —6x +11.
Giai: DK 2<x <4.

Ap dung BPT a+b£\/2(a2+b2),tacé: Jx—2 ++/4-x S\/2(x—2+4—x)=2.
Mit khac x* —6x +11=(x-3)> +2>2.

, VX -2+4-x=2 o X
Do d6 PT < <> x =3 la nghiém cua PT da cho.

(x=3)*+2=2

Nhan xét .
Tuong tu ta c¢6 bai tong quat sau: \/f(x) —a+ \/b —-f(x) = g2 (x)++/2(b—a), trong do6
)= 2
b >a. Khi d6 viéc giai PT nay quy vé giai hé: 2
g(x)=0

2
Vi du 9: Giai bat phuong trinh :‘/x—% + XZI <\/2x—1+ (X;D :

Giai: BK: x > %

Ap dung BDT Bunhiacovski ta cé:

2
VT=1.,/x—l+l.X+1g\/z[x_l+(x+l)2]:\/zx_1+(X+1) = VP
2 4 2 4 8

2
Ping thitc c6 < X—%zxilax—%:%zg_”@xz—égx+24:0 VN

Vay nghiém cua BPT da cho la: x > %

Lz(hz —x+4) (%)

22

Vi du 10: Giai phuong trinh: \/3x2 -1+ \/X2 —x —xVx* +1=

Giai: Diéu kién: x>1 U x< —i
V3
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Chuyén dé phwong trinh — Bét phwong trinh
Ap dung BDT Bunhia cho hai bo s6 (1,1,-x) va (\/3){2 — 1,\/x2 — x,\/x2 +1) taco
VT(*)< \/(x2 + 2)(5x2 —x) .Déau “=” xay ra khi x=-1

1 :
Do x>1 U x<——— nén 5x>x >0 . Ap dung BDT Cési ta co

J3

VP(¥)= %[5){2 ~x+2(x* +2) |2 ﬁ.z\/(SX2 —x)2(x% +2)

J2

= \/(5X2 — x)(x2 +2) . Ddu “=" x4y ra khi x =—1 va x :§

Twr d6 ta c6 nghi¢m cua PT (*) la x=-1

Vi du 11: Giai bat phuong trinh :
Y4 -x)(x-2) + Y4 —x +¥x -2 + 6x/3x <x* +30.
Gidi: DK 2<x <4

Vi du 12: Giai phuong trinh: x* — 2x +3=+/2x2 — x + 1 +3x = 3x2 (1),
3-415
6

1 <3+\/E'

—<x<
2 6

Ap dung BDT Bunhicovski ta ¢6:

VT(1) £4/22x% — x + 1+ 3x = 3x2) =/2(1+ 2x — x2) =4/2[2 - (1 - x)*] £2
Dau “=" xdyra < x =1.

Mt khéc : VT(1)=(x —1)2 +2>2. Déu “=" xay ra < x =1.

Tir d6 suy ra phuong trinh da cho c6 nghiém duy nhat x =1.

<x<0

Giai: DK:

Vi du 13: Giai phuong trinh:

J13x2 —6x +10 +\/5x2 —13x+177 +N17x2 — 48x +36 :%(36)( _8x% —21) (2).

Giai: Taco

VT(2)=y/Gx + 1) + (2x -3)* + \/(2x —%)2 (x —%)2 + X+ (dx-6)> >

>[3x+1+[2x - 2| +]x] .
2

3

6x — — 3
2

= VT(2) > > 60X — 5 Dau “=" xay ra khi x :%

3x+1+2x—§+x
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Chuyén dé phwong trinh — Bét phwong trinh
Mit khac: VP(6) = %[12){ —3-24x> —12x + 9)] =

1 7 1 3
—5[12)(—3—2(2)(—3) ]35(1274—3)_@;—5

Déu “=" xay ra khi x = % ()

T d6 ta c6 nghiém cua PT (2) 1a x = % :

Giai cac phuong trinh sau

DVax—T+ax —1=1 2)axt1=x*—5x+4

3V +2x +4/2x—1 = 3x? +4x+1

4) (x+2)Wx+1=2x+1

5)J(x+2)2x—1) =3Jx+6 =4—J(x+6)(2x —1) +3Vx+2

6) 32x> —4x+1=34x(8x+1)
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Chuyén dé phwong trinh — Bét phwong trinh
Phuong phap ham so:

Pinh li 1: Néu ham sb y=f(x) luon db (hoic ludn ngb) thi sé nghiém cia pt : f(x)=k
Khéng nhiéu hon mot va f(x)=f(y) khi va chi khi x=y

Pinh li 2: Néu ham so y=f(x) ludn db (hoic ludn ngb) va ham sé y=g(x) luén ngb (hoic
ludn db) trén D thi sd nghlem trén D cua pt: f(x) g(x) khong nhiéu hon mot

Pinh 1i 3: Cho ham s6 y=f(x) c¢6 dao ham dén cép n va pt £ (x) =0 c6 m nghiém, khi
do pt TR (x) =0 co nhiéu nhat 1a m+1 nghiém

Pinh li 4: Néu ham sb y=f(x) ludn dong bién( hodc ludn nghich bién) trén D thi
fx)>f(y) x>y (x<y).

Cac vi du:
Vi du 1: Giai cac phuong trinh sau:

D) A3x+1+4x+/7x+2 =
2) V5x° —1+2x -1+ x =4

3) Px+2 + Yx+1=92x2 +1+32x>

Giai:

1) Xét ham s f(X)=\/3X+1+\/X+\/7X+2 , ta co:

' 2\/7X+
fi(x)= v
243x +1 X +V7x +2

Mat khac: f(1) :4:>pt S fx)=f(l)<=x=1.
Vay x=1 la nghiém cua phuong trinh da cho.

2) Phuong trinh oV’ —1+P2x-1=4-x & f(x)=g(x)

2
Vi Fx)=v5x —1+32x—1 c6 flx)=— 2% 4 2 S0 nén f(x) 1a ham
W5k -1 3%/(2x —1)?

ddng bién va g(x) =4 —x 13 ham nghich bién

>0 nén ham s f(x) luén déng bién.

Ma f(1) = g(1) =3 nén phuong trinh da cho c6 nghiém duy nhat x=1.
3)Patu=Ix+1, v= J2x* thi phuong trinh da cho tré thanh

Jud +1+u=3v’ +1+v<e f(u)=1(v), trong dd f(t)=\/3 £ +1+t
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Chuyén dé phwong trinh — Bét phwong trinh
2

v
J& +1)?
Do d¢: f(u):f(v)<:>u:v<:>2x2:x+1<:>x:1,x:—%

Vay phuong trinh ¢6 hai nghiém: x =1,x = —%.

Taco: f'(t)= +1> 0 nén f(t) 1a ham ddng bién

Vi du 2: Giai cac bat phuong trinh sau:
DA5x—1+Vx+3>4

2) 33-2x +

—-2x<6

5
V2x -1
3) J(x +2)2x —1) = 3Vx + 6 <4—/(x + 6)(2x — 1) +3Vx +2

4) V2x3 +3x2 +6x+16 <243 + VA —x

Giai:1) bk: x> % :

Xét ham s f(x)=~/5x =1 +vVx +3, tacod £'(x) = > >0 vX>1.

25x —1 2J—

Ma f(l)=4=bpt= f(x)>2f(1) =< x>1.
Vay Bpt da cho c6 nghiém la x>1.

2) bk: %<x£%.Bpt<:>3\/3—2x+

<2x+6 < f(x)<g(x) (%)
2x —1

,c0 f'(x)= =

5 5
V2x -1 B-2x  (2x=1)
12 ham ddng bién, con g(x)=2x + 6 13 ham ddng bién va f(1)=g(1)=8
*Néu x > 1= f(x) < f(1)=8=g(l) < g(x) = (*) dung
*Néu x <1= f(x) > f(1)=8=g(l) > g(x) = (*) vd nghiém.

Trong d6: f(x)=3v3-2X + —— <0=f(x)

Vay nghiém cta Bpt da cho la: 1<x < % :

3) bk: le.
2

Khi d6: Bpt < (VX +2 +Vx +6)(v2x -1 -3)<4 (%)
*Néu v2x —1 -3<0< x <5= (*) ludn ding.
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Chuyén dé phwong trinh — Bét phwong trinh
*Néu x> 5, ta xét ham s6 £(x) = (Vx +2 +Vx + 6)(v/2x — 1 = 3) ¢6:

YV2x —1-3)+ x +\/22:(_7_\/T 0.0 nén f(x) 1a ham dong

f'(x)=( ! + !
29X +2  24x+6

bién va f(7)=4 nén (*) = f(x)<f(7) < x<7.
Vay nghiém cua Bpt da cho la: % <x<7.

2% +3x2 +6x+16>0
4) Pk: o -2<x<4.

4-x2>0

Khi d6, Bpt <> V2x° +3x2 +6x+16 A —x <243 < £(x) < 23 (%)
Trong d6: £(x)=2x> +3x2 +6x +16 — V4 —x 6
Fi(x) = 3(x +x+1)

o s r6xrls | 2VA-x
Mata co: f(1)=2+3= (*) o f(x) < f(1) < x <1
Két hop véi diéu kién, ta c6 nghiém ctia Bpt d cho 1a: —2<x <1.

>0 nén f(x) 12 ham déng bién
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