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Chuong 4. Gidi han

Chuong 4 . GIOI HAN
A. GIGI HAN CUA DAY SO

§1. Day s6 c6 giéi han 0

A. Tém Tit Gido Khoa .
1. Ddy s6 (u,) ¢6 gidi han 12 0 néu moi s6 hang cua diy s6 déu c6 gia tri tuyét d6i nhd hon mot s&
duong nhd tiy ¥ cho trude k€ tir mot s6 hang nao d6 trd di .

2. a)limlzo b)limizo ¢) lim %L:()
o ;

Jn In

d) Diy s6 khong ddi (u,) voi u, = 0 c6 gisi han 0
e) Néu Igl <1 thi lim q" = 0

Dinh 1i : Cho hai day s6 (u,) va (v,) . Néu lu,) £ vy, Vn va limv, =0 thi limu, =0

B. Gidi Todn

Dang toan : Tim giéi han 0 cia day 561

Cach 1: St dung cdc tiéu chuin a, b, c, ,d ,e k&€t hop véi dinh 1 .
Cach 2 : Dung dinh nghia

Vidu 1: Ching minh céc diy s6 sau c¢6 gigi han1a 0 .

1 cosn’ Q/HJR‘/H 246"
a)lln=—3 b)un=— c)un=— d)un=ﬁ
n Jn 23n’ 27 +3
9. ) . 1 1
Giai a)Taco: Vi n’>n, Vn nén0<u, = —<—, Vn.
n" n

Ma liml =0 , do d6 theo dinh Ii trén thi limu, =0
n

L v

Jn

Ma lim L =0, do d6 theo dinh li trén lim u, =0

Jn

3
c)Tacé: 3/H+{‘/HSQ/H+3/H=2Q/H ,suyra:0<u, < 23\/32 =%
24/n Vn

b) Vi lcosn*l < 1, Vn nénlu,l <

Ma lim % =0, do d6 theo dinh li trén limu, =0

In
d) Ap dung bit d&ng thitc C6 si: 22" + 32 > 2. /2732 =26

=0<u, < 2V6 =(LJ
N RS

Ma lim ;n =0, do d6 theo dinh Ii trén limu, =0
(v6)

Vi du 2 : Dung dinh nghia, chitng minh lim 2(2 _Z) =0
X*)XO n +
2n-=7) 2n 2

< ===

Gidi Véin>7,taco:lu,l="—
n“+3 n n
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Chuong 4. Gidi han 3

e . o . L 2 R 2
Vi s6 &> 0 cho truée , d€ ¢6 lu,l < ¢ ,ta phdi chonnsaocho:n>7va —<g <& n>7van>=.Nhu
n €

A ~ . s A A N 2 A < %] . . z
vay néu goi ng 1a s6 nguyén > 7 va > —, thé thi véi moi € > 0 cho trudc ,tacéd : lu,l < € , Vn>ny . Theo
€

dinh nghia limu, =0

Ching han vé6i & =0, 001 thiny>7 va ny > =200 vay 1dy ny =201 ( hay mot sb nguyén bat ki >

0,001
200),

C.Bai Tap Reén Luyén
Chitng minh cdc diy s6 sau ¢6 gidihanla 0.

dlayu,= — b= ~——— o)u,= Ej = 2
nvn n n+2 4 n“+3
42 .u,= 20T (‘”22)
2n+2)"
4.3. u,= L
2"(9" +16")
sinn.cosn
44.u, = |——
5+n+5
2
450, HNT
P
46.u,= 213
2.5"

D. Huéng Din — Pap So

L<1.M§1liml=0 nén limu, =0

n/n n n

b)IunI:l— ! = 2 <i=l.Méliml=O nén limu, =0
n n+2 nn+2) 2n n n

41.a)Tacdé:lu,l=

c) Vi 0<q:§<1 nén limu, =0

n+1 2n 2 e , o . Y. 2
dlu,l=— 3 < —=—.Voisd € > 0 cho truéc , d€ c6 iu,l < € , ta phdichonnsaocho: —<g & n>
n-+ n n n

2 R ST . 2 i e . .
—. Nhu vay néu goi ng la s6 nguyén > —, the thi v&i moi € >0 cho truéc,tacd:lu,l< e, Vn>np .
I3 €

Theo dinh nghia limu, =0
n"(n+2)" _ (0’+2n)" _ (m+D™ _(1}“

4.2 .lu, =
2

T @2n+2)™ 2"(m+D™ " 2"(n+1)>

Ma lim (%j =0 nénlimu,=0.

32n+52n
PRI ETIN [P - L L S R— 113[1j(bdtcasi)
2'(9"+16") 2"(3T+57) 2'(3"+5") 272

Ma lim (%) =0 nénlimu,=0.

|sinn.cosn| 1

1
| 5n+5 | 5/n+1 T

44.1u, | =
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Chuong 4. Gidi han

Ma limL =0 nénlimu,=0.

Jn

n>+3n+6 _n*+3n°+6n° 10n* 10
4.5. < < -
n

n’ n’ T’

Ta c6 véin > 100 thi 10<\/H ,suyra u, S—nzLV('yin>10

n n

Ma lim L=0,d0dé:1imun:0

N

4.6.Tac6:2"+3"<3"+3"=2.3" suyra:lu, I< 2.3 :(EJ

Ma lim [%j =0vi0O< §< 1, do d6 theo dinh Ii trén limu, =0 .

§2. Day so ¢6 giéi han

A. Tém Tit Gido Khoa .
1. Pinh nghia : Diy s8 (u,) ¢6 gi6i han 1a s thuc L néu lim(u, —L) = 0
limu, =L (hodc u, > L) < lim(u,-L)=0
2.Pinh1i1:Gid st limu, =L, khi dé :
a) lim lu, | =1L 1 va lim 3fu, =3/L
b) Néuu, > 0véi Vn thiL > 0valim Ju, =v/L

Pinh 1i 2 : Gid st limu, = L, limv, = M va ¢ 12 mdt hiing s6 . Khi d6 :

a) * lim(u, + vp) =L+ M *lim(u,—vy,) =L -M
* Tim(uy.vy) = LM * lim(cu,) = cL.
b) Néu M £ 0 thi lim Yo = =
v, M
K&t qua :

e lim ikzo (c:hings6 ; k : s6 nguyén duong )
n

e lim =0 (c;hingsd ; k,m:sdnguyén duong

C

3, Cho (u,) 12 cAp s6 nhan véi Iql < 1 ( cdp s6 nhadn lii vé han) thi :

S=u +uwq+u @ +...=limS, = —
I-q
B. Gidi Toan
‘Dang 1 : Tim giéi han biing dinh nghia |
limy, = L ¢ lim(u,-L)=0

Vidu 1: Tim giéi han cdc ddy sd sau :

a) lim (7 - %) b) lim [mj
n n

Giai: a) Ta c6 : lim(u, —7) =lim_—21=0:> limu, =7.
n

sinn ) . sinn
=> lim(u, —2)=1lim
n n

b)Tacé:u, =2+
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Chuong 4. Gidi han

sinn| 1
2 <= )
N n n ., ,. sinn i
Ma nén lim =0, suyralimu, =2
.1 n
lim—=0
n

P(n)) trong do P(n), Q(n) la hai da thirc theo n|
n

Dang 2 : Tim gi¢i han cia

. 9. N X 2, 2 A A, NG 9, . C .
Chia tif va mau cho don thifc c6 bac cao nhat roi st dyng : lim— = lim 0
nk m[nk

va cdc dinh li vé gidi han .

Vidu 2 : Tim gi6i han cdc ddy s§ sau :
. 2n’ —n+1 )(2n—1)(3 n)’
3n* +5n-7 (4n-5)’
2n—-13
(n+5)°
2n® n 1 11
3o st 2-—+—5
e2e £ n n . LN X 2 n n
Giai a)Tacod: u =—— (chiatd va mauchon”) = ————
3> 5n 3.0 1
3t 3T 3 2
n n~ n n n

Vi lim(2 - l+L2)=lim2—liml+limiz=2—0+0=2
n n n n

Va 1im(3+§—lz)=lim3+lim§—1imlzz3+0—0=3
n n n n

Nén limu, =

(SSHR )

b) T& va miu 1a cdc da thitc bac 3 nén chia t& va miu chon’, ta dugc :

e )
=) )

2 2
Vi lim( ——|=lim2- 11m——2 hm(i—lJ =(1im§—1im1) =(0-1)*=1
n n

ﬂ

3
)

3
Va lim( - (hm4 thJ =(4-0) =64
n
Nén limuy, = 2—:—
64 32
2 13
- . n 0’ P, 2, _ 0
¢) limu, = lim > (chia tur va mau cho n”) =1—2:0
1+é
n

‘Dang 3 : Dang st dung céng thiic : lim ¢" = 0 néu | gl < 1|

Ta thudng chia t& va miu cho lily thira a" v6i a 16n nhat . Nh cdc quy tic :

n n n
an+m=an.am ;an—m:a ;(an)mzanm, a :(ij

a” “b" b
Vidu 3 : Tim giéi han cdc diy s0 sau:
n n 2n+1 n 2n+2
2) 52"-6.3 b) 32 15" +5 _
32" +2.3" 43" +2.15" +7.5™
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Chuong 4. Gidi han

52" 63" 5(2J" .

Gidi ) Ta c6 : limu, = limH: im—>2_ ( Chia ti va miu cho 3")
2 2. 2
3 3 3. 3 +2

_20-6_ 4 (vi lim 2} 20 do 0<3<1)
3.0+2 3 3
b) Trudc hét ta dua vé cic liiy thira dang q" véilql<1.Tacé :
3.9" —15" +25.25"

n

49" +2.15" +g.25“

3 2] [12) s
5) 25 _0-0+425 125

Chia tir va mu cho 25" : limu, = lim —-=>2 : -
4.(9j 2.(15) ! 0+0+< !

5 25) 5

(vilimi =1im£ =0do0 <2<£<1)

25 25 25 25
Vidu 4 : Tinh cic tong vo han cdc s6 hang ciia ciAp s6 nhin sau :
a) S=1—l+l—.... b)S=sin2X+sin4x+sin6x+...(X;é£+kn)
2 4 2
Giéi:a)Apdungcangthac:s:1“1 voilgl<1.
—-q
Tacc’)vilqlzl<1nénS:L1:E
2 L1703
2

b)\ﬁx;éngkn nén lql = sin® x # 1 titc Iql < 1, do dé

-2 s 2
u, sin- X S X 2
=, =tan” X

1-q l-sin®x cos’x

‘* Dang 4 : Tim gi6i han biing cach thiét 1ap cong thitc u, theo n

Vidu 5 : Tim limu, biét u, = 21 + 21 + 21 ot 21
"+1 2°+2 3°+3 n +n

Giai Tarit gon u, bing cich nhian xét s§ hang tong quat

! L1t ke

1 1 1
+|—= =1-
n n+l n+1

K+k k(k+1) k k+1
1 1) (1 1) (1 1
Suyra:u,=|—-——|[+|=——=|+| ——— |+
(1 2) [2 3) (3 4)

=> limu, = lim£1 —Lj =1

n+1
u, =1
Vidu 6 : Cho day s6 u, dinh béi : 1"
u, =u, + 5 ;n =1

Chitng minh u, =2 -2 [%j , vn . Suy ra limu,.
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Chuong 4. Gidi han 7

Giai Ta ching minhu, =2 - 2(%} (1), ¥Yn biang phuong phdp quy nap .

1
1
. Tacé:u1=2—2.(EJ =1:vay (1) dingkhin=1

k

k
e Gidst u=2-2. (%j , thé thi theo gid thi€t quy nap : ug,; = uy + (%J

1 k 1 k 1 k 1 k+1
2 Wyy=2-2.|—| +| =] =2-]—-] =2-2.| — :(1)dingkhin=k +1
k! @ (2) @ (2) (1) ding

Viay (1) ddng véi Vn . Suyra:

limun:2—2lim(%j =2-0=2

. A s A A s N U |
Ghi chii : Ta co thé thiét ldp truc tiép cong thiic (1) bang nhdn xét u, — u, _ ; la mot cdp s6 nhdn cong bdi 5

C.Bai Tap Reén Luyén

4.7. Chon ciu ding : limw
2n
4.8. Chon ciu ding : lim 2n-1 _
3—-n
2 1
) b3 c)1 d)-2
32n-1)’n

4.9. Chon ciu ding : lim ~ =
4(n+7)(3n-1)

a) Vs b) % )0 d)

Vvn?+n+3n-1 B

4.10. Chon cau ding : lim

Jn+2n7 +1
a) 4 b)3 c)0 d-1
n+l 52n—1
4.11. Chon cidu ding : lim ———— =
2™ 425"
a)-35 b) - 1/5 c) 3/16 d) ddp so khédc

4.12. Chon cAu diing : Tdng v han ciia cip sd nhidnsau - 4 +2— 1+.. .bing:
1 .
a) 16 b) ?6 c)6 d) dap so khac

4.13. Tim gi6i han cdc diy s6 sau :

i _ 2
a) 1im(3_wj b) lim 2\/H+3 cosn
Vn Jn+1
4.14. Tim gidi han cdc day so sau :
g Lt b 204’ @n+4)Bn-4)Gn+ 1)’
3n2+n+1 n4_3n2 +6 (2n+5)3)(5n_2)

d) €)

Jn>—2n+3+2n-7 (2n+1)°

4. 15. Tim gi6i han cdc day s6 sau :
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Chuong 4. Gidi han 8

n n+l n n+l

2) 43" +7 b) 2 -1|‘3

25"+ 7" 5.2M —4.3"

2'32n + 6n+1 _ 22n—1

C) n—1 n\2

(2.3 -3.2"

4. 16. Tinh cic tdng v han clia cAp s6 nhin sau :

a) 1000+ 100 + 10 +. . . b) 1 +cos’x +cos’x +...(x #k m)
)1 —Jx +x—... d)

4.17. Trong mit phang Oxy , mot 8¢ sén bo tir gdc O theo phwong Ox 1 m, 1di queo trii theo phuong Oy
r0i lai queo trdi theo phuong Ox va cif thé , khodng cdch bo 14n sau bing nit a khodng cich trude d6 . Hoi
bd mai thi 8¢ sén s& dén vi tri nao ?
4.18. Biéu dién cdc s6 thap phan tudn hoan sau diy dudi dang phan s , vi du : % =1,151515... laso
thap phan tuan hoan c6 chu ki la 15

a) 0, 123123123. .. b) 1, 272727 . ..

4.19. Cho mot géc xOy = 30°. Tir diém A trén Ox v6i OA = 1, dung AA, vudng géc Oy . Ti€p theo dung
AA, vudng géc Ox , 1di AyA; vudng géc Oy va ¢t thé mai méi .
Tinh do dai duong gap khiic AA| A, . ..

4.20. Cho hinh vuéng ABCD c¢6 d¢ daila 1. Ta ndi tiép trong hinh vudng nay mot hinh vudng thd hai , c6
dinh 12 trung diém cua cdc canh ciia né. Va cit thé . . . . Tinh tdng
chu vi cua cdc hinh vudng .

* 4, 21. Tim gi6i han cdc ddy s6 sau :

1+4+...+Bn+1) b) 3"A4+2+27 +...4+2")
1+6+...+(5n+1) 2"(1+3+3* +...+3"
c);+;+ + !
22-1 3¥-1 7~ n’-1
1 1 1 1
d) — + THENEIE G e N
n\V1+42 V2443 n+vn+1

* 4,22, Tim gi6i han cdc ddy s6 sau :

1 1 1
a) + +..+
2W1+1W2 32 +243 (n+1vn +nvn+1
2 3 n

+ ...+
2*-1)* (3 -=17 (n® - 1)

u, =2
*4, 23, Cho diy so : 2u —1 . Tim cdng thdc tinh u, theo n . Suy ra limu,.
U, == (1)
un
D. Huéng DiAn — Pap So
47.(@) Tim(u, —>)=1im 30D o jimy, =3
2 2n 2
1
2n— 2
4.8.(d) lim =1 L_~--2
3-n 3, -1
n
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Chuong 4. Gidi han

1
o 32— )
49. @) tim- SV iy 32
4(n+7)(3n-1) ssDa_ly 4133
n n
Lo, 3 1
2 _ 2 3
410.c) limX0_tntn-l Yo n Vn_ v (chia T va M cho +/n® )
vn’ +2n* +1 \/1 2 1
+5+—
n n
I
1
1 3) 1
n+1_52n—1 3‘3n_7.25n 3(25j _g
4.11. (a) lim=———— = lim >——=lim __2__.5
27425 162" +—25" e[ 2) . L
25 25) 25
412.(0)Taco: 8- 4+2—1+. = —> 16
1~ 3
2
4.13.2) Ta ¢6 : lim (u, - 3) = lim >0 +D
Jn
—sin(2n+1) <L
Ma \/H \/H nén lim(u, — 3) = 0 => limuy, = 3
Iim—=0
Jn
b) Tacé : lim(u —2)—1imﬂ
. " Jn+1
1—cosn’ <i
VAUURCES N IRNCIN lim(u, —2)=0=>limu, =2
lim—2 =0
Jn

4. 14. a) limu, = % (Chia t& va miu cho n*)

b) limu, = 0 ( Chia t& va miu cho n*)

2
¢) limu, = ﬁzz(Chia t& va miu cho n*)
2°.5 5
3
o timue = — 3 — 1 Chia tir va miu cho n = Vi? =¥
\/I+2 3
\/6+O

0 (Chia t& vd miu cho n®= vVn* )

4@) +7 047

! 0+l
2.(5j +1
7

e) limy, = 7 =

4. 15. a) limu, = lim
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Chuong 4. Gidi han

10
@j +3 043 2+6.(g) —1.[4j
b) limu, = lim .

3 . 219 9
- o_a- "2 ¢) limu, = 5 ::E
10.(2j —4 2 42
3 3 73
4. 16. a)S=1000.;—M b)S=1. ! —= '12
1_L 9 I-cos"x sin"x
10

c)S=1. !

l+\/;

4.17. Cdc hoanh d6 1an luot ciia 6csénla: 1, -

i,%;...lép thanh mot cap s6 nhan , s6 hang dau 1, cong

.. N T e |
le—Z.Suyrahoanhdocuaocse ti€n dén vi tri 1.

1+l >

4

) T T T ~ 1 .
(m) . C4c tung @0 cta 6c sén la : —;—g;g ;....14p thanh mot cap s6 nhdn, s6 hang dau — , cdng boi -

2
T Y S 1 1 2
— . Suyratung dd cia 6cs€ tiéndénvitrila: —.——=—
4 2 1 5
1+—
4
N S S (L
Vay 6c sén s€ bo dén diém | —;—
4. 18. Ta vi€t s6 thap phan duéi dang mot tong vo han :
0,123 + 0, 123123 + 0, 123123123 . ...
Py la tong vo han ctia mot cAp s6 nhin , s& hang dau 0, 123 , cong boi q = ﬁ
v oo 123 1 123 41
,suyraso déla: . = =
1000 1— 1 999 333
1000
b)Tacé :1,272727...=1+0,27 +0,2727 +0, 272727 +...
27 1 27 3 14
=bt+ =l+—= =—
100, 1 799 11 13
100 A
A
4.19.
0 A
1 A3
N AA, AA
Cédc tam gidc OAA;, OA A, ... 1a cdc tam gidc nita déu,chota: ——2=—"23= :ﬁ , suy ra cic
AA, AA, 2
R 1 1 B3
doan AA,, AjA;, AA; . .. lap thanh mot cdp s6 nhin , s6 hang dau AA; = —.0A =—= , cOdng bdi —.
3 V3 2
Vay do dai doan gap khic1a : — ! 2

1
NN N R
2
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Chuong 4. Gidi han 11
N 1
4. 20. Cac canh hinh vuéng nay bang ﬁ canh hinh vudéng
trudc né . Do d6 cdc chu vi hinh vudng 1ap thanh mot cip s6
nhin s& hang dau la 4 ( chu vi hinh vuong ABCD) , cong boi
1 . 1 42
a4 —, vay tong cdc chu vila : 4. —4(2+\/_) (m)
V2 L2
2
#4, 21. a) Tr 12 tdng n + 1 s& hang ctia mot cap s6 cong véiu; =1,d =3 va miu 12 tdng cia n + 1 s
hang ctia mot cAp s6 cong véiv,=1,d =5. Vay:
(n+1)
AR T M
u, = - =2+5 =>limu, = —
(2+5n) i

b) Biéu thic trong diu ngodc cla ti 13 tong n + 1 s& hang ctia mdt cAp s6 nhan véiu; =1, q =2 va cua

n+l
3‘1.1 2
mau 13 tdng cta n + 1 s6 hang cia mot cAp sd nhanvéiv,=1,q =5.Vay: u, = 11—_3%1
2" —
1-3

.2 (Chia tf vd mau cho 2".3") =>limu, = %

1 1 1( 1 1 j
up=—+—+...+——— m =— -
1.3 24 (n—-D(n+1) (k—-D(k+1D 2{k-1 k+1

> GG ()]

Ghi chii : Ta bién méi s6 hang cua u, thanh hiéu thudc dang :
up=(ar—as)+(ax—as)+(a;—as )+ (ag—as)+...+(ap2-ay)+ (A 1—an+1)
=a;+a; -a,—au+

(T BT B ) Ff L timu, = 1

*4,22. a) Ta riit gon u, theo cdch cua ciu (c) trén day biing nhan xét :
1

(k+ Dk +kJk+1 \/(k(k+1).(\/k+1 +JE)
N e L S

d)u, =

k(k+1) Jk
Suyra:u —__L_FL_L_F +L_ 1 _L_ 1
N Y N Y N SN s SN RN

=> limu, =1
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Chuong 4. Gidi han 12

_ k Lk’ -k-D L1 ey -
K -1 (k+D(k=1> 4 (k+D’k-1 4\(k=-1° (k+1>) "
1 1 1 1 1 1 1 1 1 1

=5 -+t —-——+..+ -—+ - =
4(12 3 20 4 3¢5 (n-2y 0> (n-1y (n+1)2j

b) Taco :

*4.23. Taco:uy =2, um = %, u; = % =% . Ta chiing minh : u, = n_+l’ Vn bing phuong phdp quy nap
n
2
.Suyra: limu, = limn—+1 =1
n

§3. Day s6 dan dén vé cuc

A. Tém Tt Gido Khoa .
1. Ddy s6 dan dén vo cuc :
e (u,) co giéi hanla + c néu moi s& hang déu 16n hon mot s& duong 16n tiry ¥ cho trude ké tir
mot s& hang nao dé trd di .
Ki hiéu : limu, = + c© hodcu, —»> + ©
e (u,) co giéi han la - oo néu moi s6 hang déu nhé hen mot s6 4m nhd tiy ¥ cho trude ké tir mot
s6 hang ndo d6 trd di .
Ki hiéu : limu, = - o« hodcu, — - o
CHU Y : (l)limnk=+ o0 ,lim“Q/nTz + o0 ,k,m:sénguyéndu:ong.

(2) Néu limu,=0va u, #0, Vn thi 1im|—1I =+
u

n

(3) Néu lim u, =+ oo (hodc — o) thi lim 1 =0
u

n

(4) Gia st limu, =+ oo va L >0, thé thi:

limv, L 0 + -
Lim (u,+ v, ) + © + © + ®© ?
Lim (u, - v,) + o0 + o0 ? + ©

lim(u, . V4) + 0 ? + 0 - ©

. [u,

hm[vnj o | +o0(L>0) ? ?
hoéc
— o (L<0)
. [ v,
hm(u_n} 0 0 ? ?

Cic truong hop c6 dau ? 12 cdc truong hop ta khong thé xdc dinh dudc gidi han : dang o - o0 , 0. 00 va

i (da xét mot phan & §2.Dang 2 ) , goi Ia dang vo dinh . Ta thudng phdi st dung cdc thuit toan d€ khi
o0

céc dang nay , dudc trinh bay trong phin sau .
B. Gidi Todn
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Chuong 4. Gidi han

Dang 1 : (dang f)
e8]

Vidu 1: Tim cdc gidi han sau :
2) 2n-D(Bn+1)° ) 4n* —n-1 . n’—n*+n+8
(2n—4)’ (2n-1*(n+6) 2n° +7n+9

Giai : a) Chia t& v miu cho n® (lily thira bic cao nhét cua t& va miu), ta dugc :

11,
@6+ 23 9

limu, =lim—" ===
(2—i)3 2 4
n
b) Chia tf va miu cho n’ (liiy thira bic cao nhét cia tif va mau), ta dugc :
4 1 1
2 3
limu, —hm%zﬁzo
(2—*) 1+ ) :
2
c) Xétu, = %n +7n+9 >0, Vn

n’—n’+n+8

Taco:limu, =0 (doc gid gidi tuong ty ciu (b) G trén )
32

Suy ra : lim wzlimizﬂo
2n° +7n+9 u

n

Nhédn xét : Qua cdc vi du trén , néu tit va mau la cdc da thitc bdc k va m theo n thi :

Vidu 2 : Tim gi6i han cdc day s§ sau :

Y8n’® +n* +1 o' +n+6-n+6

b)

a —
) Jn? +n 2n* +1

Giai a) Chia t& va miu cho n= +/n? =3/n’ , ta dugc :

384——+i3
n_n
u, =
1+l
n
1 1
lim 38+ —+—
R ' n ot B
suy ra : limu, = _W_ 2
lim 1+l
n

b) Chia t& va miu cho n’ = vn* , ta dugc :

I 1 6 /
—+—+— lim —+—+—
n n n n 0 =0

1 2

2

limu, = lim
2+ lim, |2 +
n’

www.saosangsong.com.vn
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Chuong 4. Gidi han 14

Dang 2 (dang « - « ) : Tim giéi han cia /P(n) —/Q(n) trong dé P(n), Q(n) la hai da thirc cung

bic theo n

P(n)-Q(n) P ,
Vi€t : P(n) -4/ Q(n) = —=——=—==, ta dua vé truong hgp cta dang 1.
VP(0) +4/Q(n)

P(n) —Q(n)
e T tw : JP(n) —YQ(n) =
e ! " JP(m)* +3/P()Q(n) +3/Q(n)’

Vidu 3 Tim giéi han cdc day sd sau :

a) Vn +n+28—/n> —4n+5 b) 4n2+20n+1-2n-5
¢) (/8n® +n’ —1-2n+2007)

Giai a)Tacé:

. . (M +n+28)—-(n*—-4n+5) . 5n+23
limu, = lim =lim
\/n +n+28+\/n —4n+5 \/n +n+28+\/n —4n+5
5+E
1 28 4 5 1+1 2
l+—+—+,1-—+—
n n n n
2 2
b) limu, = lim(4n +20n+1)—(2n+5) im 24
Jan2 +1+2n-5 J4n2 +20n+1+(2n+5)
—24
+
4+§+i2+2+é
n n n

¢) imu, = lim((3/8n® +n® —1 —2n)+ 2007

(8n® +n’ -1)—(2n)’

W+2nm+(2n)

1_7
/ —— 23/8+———+4
n n

+2007 = 2007—2

+ 2007

=lim

+ 2007 ( chia t& v mAu cho n?)

=lim

4+4+4

Vidu 4 : Tim gi6i han cdc diy s6 sau :

a) Vn’+n—-n+8 b) Vn+7-3n+2 ¢ >

Jan—-1-+/3n+2

Gidi :

1 1 8
a) Ta c6 limu, = lim +n’ ( /1+——_+
n* Jn Jn?

1 1 8
Vilim vn® =+ 0 va lim | [l+— ———+—— |=
[ n’ Jn \/H_J

Do d6 limu, = + o

Ghi chii. - O cdu (a) , tuy la dang vé dinh o - o nhung ddy s6'u, = \n' +n tién dén vé cuc * nhanh hon *
ddy s6'v, = n— 8 nén lim(u, — v,) = + o .
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Chuong 4. Gidi han 15

Nhitng gid tri ciia u, va v, twong 1tng véi cdc gid tri rdt 16n ciia n trong bdng dwdi ddy cho thdy diéu do :

N 100 1000 10000

u, 1000,04 | 31.622 | 1000000

Vi 92 992 9992
U, -v, | 908,04 | 30.630 | 990.008

So sdnh voi lim\n® +n+28 —\n> —4n+5 & VDI _cdu a), ta thdy cd u, va v, déu tién tdi vé cuc véi gid

tri ngang bdng nhau nén lim(u, —v,) =2, 5.

N 100 1000 10000
u, 100,637 1.000,513 10.000,501
Vn 98 998 9998

o Va 2,637 2,513 2,501

u
b) limu, = lim~/n( /1+1— 3+3)
n n
. < . 7 2 .
\flllm\/H=+oova lim| ,/[1+——,[3+— =1—\/§<0 nén limu, =-o0
n n
5

N

,/4—1— /3+g
n n

Tt ti€n ddn dén 0 va c6 gid tri duong con mau ti€n din dén V4 —~/3 >0, do d6 limu, =+

¢) Chia t& vd miu cho +/n ,limu, =

n+3—+/n’>+n
J4n® +5-2n+1

(n+3)-“n’+n)> (4n’+5+2n-1
n+3+vn+n  (V4n2+5) —(2n—1)
5n+9 V4n* +5+2n-1

n+3+\/n2+n. 4n+4

5+2 ,/4+—57+2—l
n n

. 1 L ( Chia t& va miu cua tirng biéu thitc phan cho n)
1+§+,/1+l 44—
n n n

. 5 2+2_§
1+l 4 2

Vidu 5 : Tim gi6i han day s6

(nhan t& vd mau cho lugng lién hiép )

Giai : limu,= lim

= lim

=lim

Ghi chii : O day tit va mdu déu la hiéu cua hai ddy s6” “ dong tai ngang sitc “, cé nghia la gidi han ciia
hiéu ctia ching la mét sé hitu han , cho nén ta phdi ding luong lién hiép dé tim gid tri hitu han dy . Con doi

e e . e e 2n+3-+n’+n
voi ddy so trong do tit hay mdu la hiéu hai day sé khong “ dong tai ngang siic “, vidu : = ,
n"+5-2n+1

trong dé gidi han cua ti¥ va mdu déu la vé han thi ta gidi nhu dang 1. Cu thé nhu sau :
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Chuong 4. Gidi han

3 / 1

limu, = lim = =—

,/1+%—2+l Vi-2
n n

Cdn nhén biét hai ddy s6"an + b va an + b’, hodic an +bn+cvaan +bn+c ... ( tifc cdc da thire
ciing bdc va hé s6 cia bdc cao nhdt bing nhau ) la hai ddy sé* “ dong tai ngang siic “

C.Bai Tap Reén Luyén
4.24. Chon cau diing : Trong cdc diy sd dudi diy, ddy s6 nao din dén + oo ?
2 2
(D) 2n+7-/n+4 (In) %
-n
a) Chi (I) b) Chi (II) ¢)Ci ()va ()  d) Khong diy s6 nio
4.25. Chon cau diing : Trong cc diy s dudi day, ddy s6 nao dan dén 0 ?
" 3 a Bn+1-+/n
V2n+1-+/2n+4 V2n+3—+/n+1

a) Chi (I) b) Chi (II) c)Ca (D va (II) d)Khong ddy sd ndo.

4.26. Chon ciu ding : limn(Wn* +n+3 —+/n* +3n-1)
a)0 b)-2 )+ o d)— o

4.27. Chon ciu ding : lim (\/4n2 L 2n+7-2n+ 3)) -

a) 7/2 b)—5/2 )0 )+ o
2 _1_+In2
4.28. Chon cau diing : lim Vn?+n—1-+n’+2n+7 \
Jn+7-+n+3
a)O b)—l C)+CD d)—OO

4.29. Tim gi6i han cdc diy s0 sau :

2n—-4 1
Q) —— b) v2n+3 —+/n+4 c) d)2n-3-
In?+n+1 Vv2n+3-+n+1

Jyn'—=n+3 e) \/n—3—3/n—4

4.30. Tim gidi han cdc dy so sau :
a) V2n+4 —/2n+1 b) n®> —2nvJn+3
¢) (1+n*)—+/n* +3n” +1 d) Van2+n—1-4n>—3n+6
e)n+2-n’+2n+1

4.31. Tim gidi han cdc day so sau :

n—+vn’+5 n+31-n’

a) b)
2n+1-+/4n® +4n+3 n*+1-n?
0 2n—+4n*+n d) n—-5-38n*+n+1
2n—+/n’ +8n n+2—\/n2+7
*4, 32. Tim gi6i han cdc ddy sd sau :
2
gy YO +3n-1-+Von+3 b)(2n+1)(\/2n4—n+1—\/2n4+3n+1)
2n+1
o) (311—1)(\/112 +n+7—\/n2+n+2) d) V4n® +n —3/8n’® +3n>
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Chuong 4. Gidi han 17

e) Vv4n® +1n* +7 -2n +1

*4.,33. Cho day O u, =1+ %+l+ +l Chitng minh limu, =+ o
n

D. Huéng DiAn — Pap So

4.24.(a) * limu, =1im\/5(,/2+1— /1+EJ =
n n

@3 , ,
* limu, = lim%= - o0 Vi tlf 6 dan dén 0 v6i cdc gid tri Am va mAu s§ dan dén 4.
*(*—1)
3(V2n+1+2n+4)

4.25.(d) * limu, =lim 3

A o
AT

4.26.(b) limu, =limn —2n+4 =.2

Jnt+n+3+vVn* +3n+1

* limu, =lim

4.27.(a) lim (\/4n +2n+7 2n+3)) @ +20+7) - Qo8
V4n® +2n+7+2n-3

14n-2 147

Jan® +2n+7+2n-3 2+2 2
\/n +n-1- \/n +2n+7 ; -n-—38 \/n+7+\/n+3

4.28.(d) lim = lim

Vn+7-+/n+3 JnP+n—1+Jn>+2n+7 4
8
_I_E \/1’1+7+\/n+

=lim

=lim -1.(+0 )=-
11 2 7 4
I+ ——=— 4+, /1+—+—
n n n n
4
2= 4 m 1 1
4.29. a) limu, =lim—8— =+ o0 vilim2- —) =2, lim(}|—+—+— =0 va Yn* +n+1>0, Vn
37+i2+i3 n n n n
n n n

b) limu, = \/H[ /2+3— /1+£]=+oo vilim\/H:oo;lim( /2+3— /1+ij=2—1=1
n n n n

! =0 vi gi6i han cia miula + oo .
&( hel- /1+4]
n n
d) limu, = \/7 ( \/_ [ —3 -0 Vi hm\/_ +00 va
lim(— — =0=1=-1
o

e)Chay:%T:JlT va ﬁ:ﬁ,taduqc:

¢) limu, =lim
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Chuong 4. Gidi han 18

hmun—hmf( \f]—ﬂo

4. 30. a) limu, = lim 3 =
V2n+4 ++/2n+1
b) + o
2
¢) limu, = lim ; \/r; - =lim 1 :_%
1+n°++/n*+3n" +1 4%+1+ h+£;+JT
n n n
d) limu, = 1 e) limu, =2
1 4 3
_ J_T____ 24—+, [4+—+—
4.31. a) limu, = lim 5 Zntlevdni+dntd L 57 n N om0 g

An? -2 2
n+vn" +5 1+ /1+%
n
n’—(n’-1) vn*+1+n’

n?+ndn’ —1+3m* -1 n*+1-n*

4/+—7+1

b) limu, = lim

=lim 2
[ /
1+31—+3(1—
n
2- 4+l
o) limu, = lim ——1 =0
2— 1+§
n
1 1
1_*_\/ et
d) limu,, = lim i -0 vilimT=1-2=-1<0valimM=0vaM>0, Vn (T:ti,M:
L7
n n2
mau)
(\/ 31 \/2 3}
n 1+*_72_ *"‘72
n n n n 1
%4,32. a) limu_ =lim 1 - -
n(2+— 2
n)
b) limu, = lim(2n + 1) —4n B _Lh
Vnt —n+142n 43041 242
5 15

¢) limu, =lim(3n-1)

JoP+n+7+\Vn’+n+2 2
d) é’ddy \4n® +n “dé ng tai ngang sic” voi N4n® =2n, con /8n’ +3n* thi “ dd ng tai ngang siic” véi
/8n’ =2n

limu, = lim( ((\/4n2 +n—2n)+2n—3/8n° +3n° ))

) n —3n?
=lim +
Van®+n+2n  4n® +2n3/8n’ +3n° +3/(8n’ +3n°)’
1.3
4 12

=0
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Chuong 4. Gidi han 19

e) é’ddy \VA4n® +n “dé ng tai ngang sitc” véi N4n® =2n, con AIn® +n® +1thi “ dong ngtai ngang siic
Vi i/nTzn

limu, =1+lim(v4n® +13/n’ + 7-2nn’ + 7 +2nYn’ + 7 - 2n%)
— 1+ 1im[%/n3 7G40t 1 1—2n)+ 200 +7 —n)} — 14 i+1=%

I 1 1 1 1 1 1 1 1 1
433. Taco:u, =l+—+(c+)+|-+—+t-+— [+t | 57—+ 7+t
2 2 3 4 5 6 7 8 2" 41 2™ +2 2"
Biéu thifc trong ddu ngoic thit nhi't c6 2' phin s6 , trong diu ngodc thit hai ¢6 2° phan sd , . . ., trong diu
ngoic cudi cuing c6 2™ phan s6 .
1.1
2 2
11 1 1 1
—t—>—t—==
3474 4 2
. 11 1 1 1 1 1 1 1
Taco: —+—+—4+=—>—+—+—+—=—
5 6 7 8 8 8 8 8 2
1 1 1
— +..+—m>—
2" +1 2 2

Cong , ta dudc : u, > 1 +% . Theo dinh nghia , ta suy ra : limu, =+ o .

B. GIGI HAN CUA HAM SO . HAM SO LIEN TUC

§4. Dinh nghia va mot so dinh i vé giéi han ham s6

A. Tém Tat Gido Khoa .
1. Giéi han ctia ham s6 tai mot diém :

a) Gidi han hitu han : Cho ham s6 f xdc dinh trén (a ; b)\ {Xo } vAi Xo € (a ; b), ta néi :
lim f(x) =L (fcd gidi han 1a L tai diém xo) ¢ V (x, ), imx, = xo=> lim f(x,) =L

b) Gi61 han vo cuc :
limf(x) =4 00 (-0 )& V(X,), limx, =Xo=> limf(x,) =+ o (- o )

2. Gioi han tai vo cuc .
lim f(x) =L & V(x,),limx,=+ o =>limf(x,) =L

X—>+0

Tuong ty voi lim f(x)

Chiy: Véi moik e Z*,

a) lim—=0 b) limx* =+

X—>Foo ¥ X—>+00

.+ [+ né€ukchin
¢) lim x"* = . )
X—>—c0 —oo néukle

d) lim C=C (C: hiing sd )

X—>Xo

3. Pinh i v& gidi han :
Pinh1i 1 : Biét lim f(x) =L, limg(x)=M, thé thi :

X—>Xq

a) lim [f(x) +g(x) ]=L+M b) lim [f(x) - g(x)]=L-M
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Chuong 4. Gidi han 20

f) _ L
g(x)

d) Néu M #0 thi lim

X—>Xq

lim [f =LM
c) lim [f(x)g(x)] M

Pinh 1i 2 : Biét lim f(x) =L, thé thi :

X—>Xq

a) lim [f(x)|=|L|

b) lim 3/f(x) =YL

¢)Néuf(x) > 0, Vx#x,thiL > 0va lim/f(x) =+/L

b) lim &x =g/x,

X—=Xg

Ghi chi : a) lim (x") = x¢"

> N&u f(x) 12 ham s6 da thic , phan thitc hay vo i xdc dinh tai xo thi lim f(x) = f(xo)
» Cédc dinh Ii 1 va 2 trén vAn ddng khi thay x, bing + o .

B. Gidi Todn .

Dang 1 : Tim lim f(x) bi€t ham s6 f(x) 12 ham s6 1ap béi cac phép téan nhu cong , trir , nhan

X—Xg

chia ... cic ham s6 da thitc va xdc dinh tai x, .

Khi d6 gigi han 1a f(xy) .

Vidu 1 : Tim céc gidi han sau :

Ux+8—-x+3

2x —
a) f(x) = tai xg=2 b) f(x) = taixo=0
xp2 i Gileg i
Gidi a) f(x) 12 ham so hitu ty x4c dinh tai xo=2 nén 1irr21 f(x)=1(2) =%
3 —
b) f(x) 12 ham s6 so cAp xdc dinh tai xo=0nén lin& f(x)=f(0)= % =5
X J’_

Dang 2 : Tim limm
X

> g(X)

trong dé f(x) va g(x)la cac da thitc hay bi€u thifc ti€n téi vo cuc khi

x ti€n t6i vé cuc .

. 2 N X 2 z A ~ A N . 1
e Chia tur va mau cho don thitc ¢6 bac cao nhit, roi dung : lim—=0

X—®0 ¥

Vidu 2 : Tim céc gidi han sau:

3 2 2 2
a) lim 2x 3x +5 b) lim (3x 3x+1)
x40 37 4 X x>0 (2x —1)7(5Xx + 6)
. 2x =5 . 2X-9x +1-3x+2
¢) lim ———— d) lim
o 37 —x +7 o Jax - 41+ x -1
2_i+i
3 N
Giai a) lim f(x)= lim X IX ( Chia t& va miu cho x*)
X—> +00 X = +00 3+72
X
2-0+0_2
3+0 3

b) lirp f(x)= lim

X —> =00 3
(2-1) 5+
X
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_ (3-0+0) 9
(2-0)(5+0) 40
2.5
2 —
¢) lim f(x)= lim XX - 970 _
X—> + 00 X4)+oo3 1 7 3_O+0
X X

d) Chia tf va miu cho v—x’ =—x+/—x , ta dugc :

-2 /9—+3\/—7
lim £(x) = lim \/7__ T _3[
P

‘Dang 3 : Tim gi¢i han v cuc ‘

-3

. +oo néua, >0
Chiy:a) lim(ax"+ax,  +..)= .
Xohe —oo néua, <0
b) N&u lim f(x) =+ oo , lim g(x) =+ oo thi:

X=X,

* lim [f(x) + gx)] =+ o, lim [f(x)g(x)] =+ o , lim [f(x)]" =

X—Xg

¢) Néu lim f(x) =0 va hm g(x) L #0 thi:

X—Xg

* —| =+
on 00 +0 (a #0)
&X) =+ ®©
X—Xg f(X)

21

Vidu 3 : Tim céc gidi han sau :

a) lim XX 23X b) lim (v/1=3x ~2x)

=2 | x =21

( x—+0  3x — ]

2
) lim (VX2 +x+1-+/4x-5) d) lim ( 2&” ~.(3x -2 —4x +5) e) Jim 24X

Giai :
a) Nhan xét lin;lx—2I=0 valx-21>0, lin;(\/x+2 +3x)=/4+6=8>0
Vay lirr%=+oo

b) Vi v1-3x — +o0o va (—2X) > 4w khi x din dén — o , do d6 : hm(\/l 3x =2X)=+

¢) lim f(x)= lim x(\/l+l+i2—\/i—i2) =+ o0 Vi
X—>+00 X—>+00 X X X X
. < 1 1
lim x =+oova lim 1+—+—2— S =J1-Jo=1
X—>+00 X—>+0 X X X
d) lil?\/;; =40 vith -3 va miu—0va miu>0
X—> X_

lin}(\/3x—2—\/4x+5):\/_—\/_:—2
Do do6 linllf(X)z—oo
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e) Nhin xét ring tf vi miu déu duong ( ti€n téi + o) khi x ti€n tdi + oo Ta c6 :

4
2+—

lim f(x)= lim X = 4+ o0 vigi6i han cua tir 12 2, ctia miu 1a 0
X—>+ 0 X =+ 3 1
X x°

C.Bai Tap Reén Luyén

2
4.34.. Chon ciu ding : lim\/@ _
x—1 x> —x+1

a)0 b) 1 c)2 d) + o

4.35. Chon cau ding : lim X2 =
Jax+1++/x+3
a) + oo b) — o )0 d) 1
19x+19
4.36. Chon cdu ding : lim =
OTEIX+5-4xP +x+6
a) +oo b) % )0 d)— oo

4.37. Chon cAu ding : lim (v/2x+1—-+/x+3) =

X—>+0

a) ! b)0 0 \2-1 d) + o

\/§+1
4.38. Chon cAu diing : lim (5—x+v4x> +x+6) =

X—>—0

a) 5-+/6 b) 0 ¢) + ¢) - oo

AV (R x)3
4.39. Chon ciu ding : lim (2X2 4) 2(3 )"
o= (=X +3)°(3x = 1)

a) 36 b) - 36 c)—% c)0
4.40. Chon ciu ding : lim);jL—2+X =
o2 —x" +4x -4
a)+ o b)— o c)0 d)6
3 2
4.41. Chon cAudiing : lim — V2% F2FX  _
x>0 (2% —3)” + x°x +3
a) i b) 2 )0 d) + o
4.42. Tim cédc gioi han sau :
x> +x+1 x> -1
a) im————— b) lim
) b x> =3 )Hﬁ x' -3
. cos2IIx +sinIIx . COSTXV2X> +X -9
¢) lim d) lim
x> X2 ++/x 2 tan(nx/8) +Yx —1

4.43. Tim cédc gioi han sau :
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2_ 2 _ _ 2
a) I : 3x+5 b) lim (2x +x2 1)()2( 1)
x>0 xX“4+x+4 X—>+00 (3X _l)
2x —1++4/x* —x o 3x—1+3x*=3x

d) lim

im
X m X—>—0 2X+7—m
2
o im(x-9,[ 2 b i 20 e
x*+3x% +1 X0 m

4.44. Tim cdc gidi han sau :

a) lim XX F373% b) lim (v5-2x —x +5)

x>-1 2x | x* =11

) lim(x/4x2+3x+l—\/9x—5) d) 1im(2—“(3;’1‘)2_6.(\/3—x—\/7—2x)
+0 X

x—-1
lim V2xP—x+1-3x-2
oo (X —=DV3x+5

4. 45. Tim cac gioi han sau :

. 2 .
a) lim sin X b) lim cos;c + sin3x
x40 X 4 x>t0 xS 4 x 44
¢) lim xy(L+sinx)(1 + cosx) d) lim (sinx—v/x*> —x+3)
x>+ (2 48inX +cosX)(x> + X +1) X+

D. Huéng Din — Pap So
4.34.(c) Vi ham s6 f(x) xdc dinh khi x = 1 nén linll f(x)=1f(1)= \/% =

s_2
4.35. (a) hm f(x)= hm X =4+ ®©
X x° x x°
19x +19 19 19

4.36.(b) lim f(x) = lim = ==
OOX 454X +x+6 2+2 4

4.37. (d) hm(\/2x+ ~Jx+3 )—hm\/_(,/ul— /1+3] =+ o
X—>+0 X X

4.38.(c) lim(5-x)=+0 va lim V4x2 +x+6) =40

Q-PC-1 2
439.0) lim f(x)= lim — XX — :2(1 b __4
NG R RER b33

4.40.(b) Tim VF2FX _p VXFZEX i > 6.mAu >0 va <0
22 —x" +4x -4 2 —(x-2)

2 1
2+ - + T
4.41.(b) Chia t& va miu cho x> Jx =xvx* hm f(x) = lim X X
| 3 3
— Q-+ [1+—=
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1 3-1 1
4.42. a) limf(x) =f(0)=— b) lim f(x)=f(-/3)=,|—=—
) lim f(0) =£(0) = ) lim 00 =1(/3) =, [F==—

) 1imf(x):f(1):M:l d) 1imf(x):f(2):M:
ol 2+l 2 X2 tan(rt/ 4)+31

4.43. ) lim f(x)=2 b) lim f(x) =%

o1t | 3_l+5/l_i4

¢) lim f(x)= lim 22 _%X —_ d) lim f(x)= lim —>— Y% X _
X—>—% X—> —0 38_i_i 2 X—>—%0 x—>oo2+7_i/1+71
X2 X3 X X X2

e) lim £(x)= lim (2—2)
X—>+0 X—>+0 X

1 1
B 2 22— 1+—+—
f) lim f(x)= lim 2V XL X_X _3
X—>—00 X—>—00 \/m X==© 1 1 4
X X
4.44. a) — o©
b) +

¢) lim f(x)= lim(—x)(\/4+é+i2—\/—2+i]=+ © Vi (-X) = + o0 v sO hang conlai — 2
X—>—00 X—>—00 X X

2
X X

d) S6 hang ddu — - o , s6 hang sau —> - 1 nén f(x) — - ©
V2-0 2

3 3

e) Chia t&f va miu cho x~/x = x°, gi6i han 1a

4.45.
a) Vi |f(x)[<

— 0 khix - + o nén lim f(x) =0

Ix+21 R

b) Vi

f(x)|£2; va lim#zOnén lim f(x) =0
X +x+4 x>0 X" +X +4 X4

¢) Vi (1 +sinx)(1+ cosx) < M(bdt Co—si)

N X 0= 1im f(x) =0

nén |f(x) < i
£l 2(x” +x+1) x40 (X7 + X +1) x4

d) f(x):x[smx— /1—l+%J ma lim 2220 . 1im /1—l+i2 =1,dod6 limf(x) =- o .
X X X x>+ X X—>+0 X X X—>+0

N | —

| W

24

§5. Giéi han mgt bén

A. Tém Tit Gido Khoa .
1. Cho f(x) xac dinh trén khdang (xo ; b) :
lim f(x) =L & VX, € (Xo;b), limx, =xq=>limf(x,) =L

(f(x) c6 giéi han phaila L khi x — x()
2. Cho f(x) xdc dinh trén khdang (a ; xo ) :

lim f(x)=L < VX, € (a;Xo),limx, =Xxo=>limf(x, ) =L

X=X
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( f(x) c6 gidéi han traila L khi x > x¢)

3. limf(x) =L & lim f(x)= lim =L

X—=Xg X—)X X—>Xg

4.Cdcdinhli 1 va 2 & §3 cling ding khi thay x — X, b3i x — x," hay x, .

1

5. hmi—+oo(k e”Z"), hm%—Jroo lim ——=—0
XHOX X x—0" X

B. GIAI TOAN
Dang 1 : Tim gidi han phai , trai

Cha y khi x—x_" thi x>x( va khi X—>x, thi x<xg

Vidu 1: Tim cac gidi han sau :

Vx—1 .o xIx=21 . Ax—2+3x

a) lim b) im —— ¢) lim

= x4 4x =3 52 X2 —2X x—2* (X2 —4)
VX l

Gidi a) Him s6 f(x) xdc dinh trén (1;3).Tacé : hm f(x)=1lim = lim

b) Chi y khix -2 thix< 2,suyralx- 2l=-(x-2)

Ta c6 ¢ lim £(x) = lim —— 3 =2 _ i =% __1
x>2 -2 (X=2)(x+2) -2 x+2 2
Vx-2+43 0+32=6>0 VX —
c)Khix — 2% thi x x>0 do 46 M-~ 22+3X =+ ©
X’ =4 =(x-2)(x+2)—>0" -2 (X7 -4)
x—1

3 . . ———= Vv6ix>1
Vidu2:Chohamsd f(x)= {x"+x-2
x* —2x véix<l1

Tim gi6i han phai va trdi ca f(x) tai x = 1 . Him s c6 gi6i han tai x = 1 khong ?

Giai
e TachH: hmf(x)—h —X_l lim ! =l
x>1* (X —D(X+2) ='x+2 3

e Tacé: limf(x)=lim(x*-2x)=f(1)=-1 vi x> — 2X X4c dinhtaix=1
x—1" x—1"

e Vi limf(x) # lim f(x) nén ham s& f(x) khdng c6 gidi han tai x = 1
x—>1* x—>1"

C.Bai Tap Reén Luyén
4.46. Tim cic gidi han sau :

v—x-1 . AUx*—6x+8

a) lim b) im —— ¢) lim

X
x=3" \Ix =73 x»>-1" x—1 X—2" /XZ —5%x+6
Vx?—6x+5 \/5x x2

d) lim ———— e) lim——
xol ‘xz_x‘ x5 X2 —6X+5

4.47. Tim céc gidi han sau :

2 2
a) lim * —4%*3 b) lim—— 2 ¢) lim|
x =1 x"-3x+2

ol [1=x2| X—3" /3X4 %’ x—>1"
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Jx +x

/2
4.48. Chohamsd : f(x) = { VX X
Vx+1-2

véix >0

-1<x<0
X_

a) Tim gidi han phdi cta f(x) taix =- 1

b) Tim giéi han phai va trdi cua f(x) tai x =0 . Ham s6 c6 gidi han tai x = 0 hay khong ?

VI-x +x-1
Vx* —x’

ﬂ ; V61 x>1

\V2x* —x

Tim gi¢i han phdi va trdi cua f(x) tai x = 1 . Him s6 c6 gi6i han tai x = 1 hay khong

viix <1
4.49. Cho ham s6 : f(x) =

D. Huéng Din — Pap So

] tt — 3
4.46. a) lim f(x)=+o0 vi {
x—3"

b) lim f(x)= i 1 0
x—>-1" —

Vx?—6x+8 \/(x 2)(x—4) T mm \/ﬂ \/—

¢)) lim = lim

=2 [x? 5546 «/(x 2)(x=3) ’x/2—x\/3—x x-27 /3 —X
d) lim Vx* —6x+5 \/(X DH(x-5) i \/1 XA/5—Xx 2

SN P N e SN T
V5x —x? ~lim VX5 —x) _ \/_\/5 X . \/_

e) lim im =lim
)x—>5 X2 —6Xx+5 x5 (x=D(x=5) =5 (x=1(x=5) x5 —(x=DV5-x

447.) lim () = lim K=D&x=3)
ol (x—1)(x +1)

x(x —3) . —J3—x

b) lim f(x) = lim = lim =0

x—3" x—3" ,X4 (3 _ X) x—3" X

c) hmf(x)—hm( ! ! j
x—D(x+1) (x DH(x—-2)

miu — 0 va miu >0

- lim =D& H) - —+w
X -DE+DE-2) = (x-DE+1D(x-2)
vi khix - 1"thi x> 1 nén (x - 1)(x+1)(x-2)<0

4.48. a) lim f(x)=f(-1)=1
x—-1"

Vx(1++x)
b) lim f(x) = lim
) im0 = T
llmf(x)zf(O)—l

=1

Vi hm f(x) = lim f(x) =1 nén hm f(x)=1.

4.49. lim f(x)=limf(1)=3
x—1" x—1"
lim f(x) = lim X0 V1 7%)
Xl -l Ixl/1=x
Vi lim f(x) # lim f(x) nén him s6 khdng c6 gidi han tai x = 1
x—>1" x—1"

=1
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§6. Gidi han vo cuc §7. Cac dang vo dinh

A. Gidi Toan

f(x)

Dang 1 ( Dang —) Tim 11m = trong do f(xo) = g(xo) =0
8

Phan tich t&f va miu ra nhin tir d€ khir dang vo dinh . C6 thé diing lugng lién hiép nhu da gip & gidi han
day sob .

Vidu 1: Tim céc gidi han sau :
2
2) limX 23x+2 b) lim \/x+ -1
x—1 x° =1 X—>-3 X +27
VX +x+4-2 _ 3Wx—1+41-%°
¢ lim——— d) lim————
x>0 3/x75—x o X7 =3x+21

Gidi ) Taco : limf(x)=lim x=Dx=2) o x=2 1221
ol (x—D(x+1) =l x+1 1+1 2

Ghi chii : Sau khi don gidn nhén tit x — 1( tdc nhan gdy nén dang vo dinh , ta dugc ham sé 72 vde dinh

x+1
tai xo = 1.
Wx+4-DEx+4+1) 1
Jx+4+1 (x+3)(x* +3x+9)
X+3 1 ) 1 1

im . = lim .
o3 x+4+1 (X+3)(X7+3x+9) >3 x+4+1 x> +3x+9

b) lin}3 f(x)= lin}3

L S
JI+1949+9 54

Ghi chii : Sau khi nhén lugng lién hiép , ta xudt hién nhan tit x+ 3( tdc nhdan gdy nén dang vé dinh) . Pon
1

1
Jx+4+1 x> +3x49
(x> +x+4)—4 1
c) hmf(x)—l .
SO +x+4+2 xR@x2 1)

x+1 1 1 1 1

HOx/x ix+4+2 -1 2421 4

3J(x—1) - (x-1 )(x+1):hmx/x—l(3—(x+1)x/x—l)

gidn , ta dugc ham s6 xdc dinh tai xg= - 3.

d) lim

x>l l[(x-1D(x-2)I x>l -(x-Dx-2)
_ lim3—(X+1)\/x—1 :3—O:3

x—>1" —(x=2) 1

. 3Wx-1+x7 -1
d) lim ————

-1 X7 =3x+21

2
Vidu 2: Tim a va bsao cho: linﬁ#xlb=3
X—>— X" —
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Chuong 4. Gidi han 28
Giai VixX’—1=(x-1)(x+1) > 0khx — 1,do d6 d€ f(x) c6 gidi han hitu han thi diéu kién can 1a x* +
ax—b - Okhix —» l(Vinéu lin}(x2+ax—b)¢0 thi linllf(x)= 00

Suyra:1’+a-b=0®b=a+1.

2 —_— _— —
Khi d6 : lim f(x) = lim - 8X ==l (x=Dx*a+l) a+2
o ol x—Dx+D) 1 (x—Dx+D) 2

b=a+1 azd
Vay d€ thda yéu ciu bai toan thi <442 ; <=> {b <
= -

f(x)
X

Dang 2 (dang 2) : Tim gi6i han cia ?trong dé6 f(x) va g(x)la cac biéu thitc ti€n téi vo
o0 g

cuc khi x tién t6i vo cuc .

. 2 N X 2, z A g N N . 1 ;-
Chia tur va mau cho don thic ¢6 bac cao nhét, réi dung : lim—=0 chid y :
X—>0 X

m f(f) néu x — 40 (x > 0)
X X

X /
- f()z() néux - —o(x<0)
X

. 3f(x) _, f()3() L Wx 20
X X

Vidu 3 : Tim cic gidi han sau:

2x —Vx +x+1 Vax*+6-x-5

a) lim b) lim
3K 24X+ X7 270 3x 3% +5x7
x+1 x—1-+x*—x+1
¢) lim(2x-1),|[— d) lim
X0 x* +3x’ o X +1-+4/x+3

11
22— 1+—+—
— VX X (Chiatkva miuchox=vx> =x* (vix>0) =

3—%+3,f1+l
X X

2-41+0+0  2-1 1

3043140 3-0+1 4

PR}
x> x _—~N4-0-1-0 -3
= S =
3+3/1+§ 3+31+0
X

(Chia t&r vd miu chox = -/x2 =3x* (vix<0)

Giaia) lim f(x)= lim

b) lirp f(x)= lirgl

1+—
X (Chia tif va mflu cho xvx =v/x*)
1+—=
X

1+0
=2-0).]— =1
( ) 1+3
d) lim f(x) = lim (x—1)? —(x* —x+1) Vx+14+/x+3

o oy L x4l (XD = (x+3)

¢) lim f(x)= lim (2—1)
X—>+00 X—>+00 X
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) —X X+1++/x+3 . R « e
= lim . =+ o visO hang dau — - Y2 va sd hangsau — - o .
X 1 AXT —x+1 -2

Dang 4 (dang o« - « ): Tim gi6éi han cia lim [f(x) - g(x)] trong dé lim f(x) =+ © va

limg(x) =+ o )

Diing lugng lién hiép , ta dua v& dang —=
o0

e Cin chd y truong hop lim f(x)=+ o va lim g(x) =- oo (hay ngudc lai ) thi giéi han cuia [ f(x) -

g(x)]1a + oo (hay — o), khong phdi la dang vo dinh .
e Nhé ring néuP(x)=ax"+bx"' +...(a#0):

) +0 n€ua>0
lim P(x) = .
X0 —o néua<0
. +00 néunchinvaa>0hoicnlé via<0
limP(x)= . ~ .
x> — —o0 néunchinvaa<0 hoicnlé vaa>0

Vidu 4 : Tim cac gidi han sau :
a) lim (\/2){2 -x-1 —\/3)(2 +X+5)

X—>+00

b) lim (Wx2—x—1-vx2+x+5) ¢) lim 2x+1-+/4x>+4x—1)
d) lim 2x+1-+4x>+3x-1) e) lim 2x +5-3/8x +x%)

X—>+00 X—>+00

vi lim x =+ con lim {\/2—1—%—\/3+1+%J=\/§—J§
X X

Gidi a) lim f(x) = lim x{\/z—l_iz_\/3+l+in Y
X X X X

Ghi chii : Dit hai biéu thifc u(x) = N2x> —=x—1 va v(x)=+3x* + X +5 déu tién dén + o nhung v(x) tién

nhanh hon nhiéu ( Xem bdng gid tri sau )

X 10 100 1000 1000000
u(x) 13,7 141,0 1.413,8 | 1.414.213
y(x) 17,7 174,0 1.732 1.732.051

u(x) — v(x) -4,0 -33,0 -3182 | -317.838

x> =x-D-(x*+x+5)

b) lim f(x)= lim
X—> + 0 XH+O€\/X2—X—1+\/X2+X+5

. —-2x-6 A o0

= lim ( Ta dua vé dang — )
"‘”‘”\/xz—x—1+\/x2+x+5 ©

= lim X ( Chia t&r vA miu cho x )
H+m\/1—1—1+\/1+1+5

X x° X x°

—_— _2 —

1+1
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Ghi chii : é’d&y cd u(x) va v(x) déu tién dén + o mot cdch “ ngang ngita “ nén ta phdi sit dung “ chiéu
lugng lién hiép” dé phd vé ddu cdn thiic , cho hai biéu thitc bén trong ddu can thuc dung do truc tiép
nhau .

¢) lim f(x)= lim 2x+1D —(4x +4x-1)

0
= lim —hm
X—>+00 X—>+00 2+2
2x +1++/4x> +4x — 2+ + /4_'_7_7
d) Vi lim (2x+1)=—oo,lim Vax* +3x—1 =+ , do d6 lim f(x)=—-w e)

lim f(x)=5+ hm (2x 8x* +x?) ( Téach hiing s6 5 dé phép tinh don gidn)

X—> —®

=54 lim (2x)* —(8x* +x%)
2 (2x) +2x 8% + x> +Y(8x’ +x°)

2

=5+ lim X
2 (2x)7 + 2xY8x% + X% + (8% +x°)?
=5+ lim -l Y P S

+ =—
X0 1 1, 44+4+4 12
4+2318+—+3(8+—)
X X

Vidu 5 : Tim céc gidi han sau :

. X —VxZ+x—1 1 1
a) lim b) lim >
x* =1 2x —-2X

x4+oozx_ /4X2+X_5 x—1

Giai

2 lim —Vx+x-1 x> = (x> +x- 1) 2x+\/4x +Xx-5
SR OX —JAx? + X — X””"x-l— X +x—1 4x —(@x’+x-5)

~ lim —x+1 2x +4x> +x-5
X +x—1 —X+5

—1+l 2+‘/4+1—i2

= lim X X X
X—>+00 ’ 5
1+‘/1+1—i2 —-1+=
X X X

=12
2 -1
(o T )
b) 11m f(x)= hm
(x— 1)(x+1) 2x(x—1)
2x —(x+1) . x—1
= lim————————= lim
L -D(x+1D)2x =l (x-DE+1D(x-2)
1 1 1

m = =
=L(x+1D)(x=2)  2.(-1) 2
B. Bai Tap Reén Luyén

4.50.Chon ciu ding : hmM
-2 x° +8x —20

7 7
a)0 b) + «© c) — d —
) ) )12 )8
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4.51. Chon ciu ding :

7
a - —
) 8

4.52. Chon ciu ding :

a)0
4.53. Chon ciu ding :

a)-1
4.54. Chon cau ding :

a)—-1»

V3-x +2x
mY2 AT

2

x——1 X _1
7 1

b) — c)-— d)o0

)8 ) 2 )
ox—v4x*+1
Iim —
X—>—00 ’XZ—X—l

b -1 c)-3 d)3
lim (2x —V4x* +1)

b) 0 c)+ @ d) ddp s6 khic

lim \/4x2—x+1—\/x2+3x+5

X I +1+x

b) 12 c) 3/2 d) +

4.55. Tim cdc gidi han sau :
2x* +3x -5

a) lim 3

x—1 1—-x

. X—VX+2
e) lim———
222X —1—-+x+7
4.56. Tim cac giéi han sau :
. x(x—1D—-11-x|
a) lim
x—1 \/X3 -1
Vx® -8

¢) lim
x—2*" X2 —4

4.57. Tim cédc gioi han sau :

Ix-1-1

a) lxlgrzl—x2 "y

. NX+HS+Vx+2-3
¢) lim

x>l x+1

o) lim\/2x2 —X—\/X2 +3x +Xx

x—>1 x—1

4.58. Tim cdc gidi han sau :

a) lim (WV4x® +4x —2x—3)

X—>+00

o) limR/x*-x -x+12)

X—>+00

e) lim (‘\‘/x‘3 —x’ +1—\/x2 +x—6)

X—>+00

4.59. Tim cdc gidi han sau :

VxP+x+1-x

a) lim

X—>+00 3/X3 +X2 +1 -X

¢) lim (VX2 +x +4x2 +3x —1 - 3x)

X—>+00

4.60. Tim cac gidi han sau :

5 4 .3 2
b) limX +2x 26x 42r2x +X
x>l (x2-1)

V2xt—x -1
x—1
. o N3x=5-+x+1
f) lim

=3 x®—4x+3

d) lim

x—1

3
b) lim V=X +X
=0 [ 2% +\/—x2—4x
@) lim DX 41

>4 [—x* +9x =20

I +1-1
b) lim————
0 x+4 -2
2
d) lim——— %

03X +8 —Vx +4

b) lim AP =x +x+2)

d) lim (V4x2 —x—1-2vx* +x)
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a) lim ! 5 ! b) lim ! 3 3
>3\ x2 +8x+15 X" +4x+3 x>I\ 1 —x l—x‘

2 —_— — —
4.61 a) Tim m dé lim X X1 37X |a mot s6 hitu han va fim s& gi6i han d6 .
x4 X" —-5x+4
b) Tim a va b @€ lim M :l .
x>l x“+bx—b-1 8

a(\/x+3-2)

;khix > 1
2
4.62. Cho ham s§ f(x) = | VX' ~2x+1
2
a +ax; khix <1
x+1
Tim a d€ ham s6 ¢6 gi6i han hitu han tai x =1
2
¢ ; khix >2
4.63.Cho hams§ f(x)=4 * -4
DX hix<2
X+2

Tim a va b d€ ham s6 c6 gidi han hitu han tai x =1

4.64. Tim lim M
X*)XO X — Xo

trong cac truong hop sau :

a)f(x)=x>—x v xg=2 b) f(x) = 2271 va Xp=- 3
x+4
) f(x) = v2x—-1 vaxo=1.
D. Huéng Din — Pap S0
x=2)x+5 .. x+5 2+5 7

4.50 (c) hmf(x)—h =lim = =—
2 (x =2)(x+10) *=2x+10 2+10 12

(3—x)—4x’
4.51. lim f(x) =i
(a) im £(x) Lml(m_zx)(x—l)(x*'l)
(x+1)(—4x+3) i ) ;

= lim =lim = —

I (3-x =2x)(x=D(x+1) = T(3-x-2x)(x=1) -8

1+,/4+i2
4.52. (¢) limf(x)=lim ——X =.3

453.(b)  lim f(x)= lim . —

e ox p4AxT +1

11 3 5
4+ I+ =+ o4l |
4.54.(a) lim f(x) = lim X X X X - S

X—>—00 1 2 2
J1+— +1
X

4.55. 1) limf(x) = lim x-D@x+5) _ 7
> (1=-x)1+x +x%) 3
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_ 3 2 Ao N2 (¢2
b) lim f(x) = lim x(x —D(x 42r3x 23x 1) ~lim x(x—1) (;( + 4x2+ 1) - 2
x>l x>l x=D"(x+1) L (x=1)"(x+1) 2

c) hmf(x)—hm [w =
2x(x —3)

d) lim f(x) = lim 2¢ —x-1 . (x=D@x+Dh) 3

DLx=DWE2x =x+1) T x-DH2x-x>+1) 2
x> —(x+2) 2x-1++/x+7
KR HR L Frwsy s e e
x=2)x+1) 2x—-1++/x+7 9

= lim -2
=2 (x +4/x+2) (x=2)(4x+3) 22

f) hmf(x)—hm 2x-6 1 _1
=3 f3x—5+/x+1 (x=D(x=3) 2
4.56.) lim f(x) = lim JEx-DOX—Vx-1) 1
o x =1 +x+1
b) lim f(x) = lim VX=X 1
o0 —xQ+x+4) 4

JE=2DVx*+2x+4 . Jx*+2x+4

= )6+ e ka7
(x+2)(\/x—4)2

d) hm f(x)=lim

=4t X =445 -x

X—2 1 1
4.57. a) hmf(x)—hm . = —
2 x -1 +x—1+1 x=2)(x+2) 12
3 /
b) hmf(x)—hm X ; i “E =0

DO +1)? +AX 141 X

c) hm f(x)=lim

x—-1

(ﬁ—er\/m— j

x+1 x+1

1 1
li
X 1[\/x+5+2 Vx+2+1

E

=12+0=12

3 —_— —_
d) lim—— = jim| X872 27VxH4 L ) =- 12
-0 f(x) x>0 x(x+1) x(x+1) 12 x—0
V2xT—x —x  2x—+x*+3x 5
e) hm f(x)=1lim + ==
x—1 x—1 x—1 4
4.58.) lim f(x) = lim 8 -9 -2
2 JAX® 4% +2x +3
b) lim f(x)=— vi lim Ix —x = lim (x +2) =-o0
¢) lim f(x) = 12+ lim (/x’ = x =x) =12+ lim =
X—>+00 X—>+00 \/(X X)Z +X%/X3—X+X

d) lim x-1 ——2

X_’+°°\/4)( —x—1+2\/x + X 4
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e) hm f(x)= lim X(‘{/l—iz+i4—\/l+l_%]:—w Vi
X—>+00 X X X X

X
. . 1 1 1 1 6
lim X =+400; lim | #/———+— ____2 —_
X—>+0 X—>+00 X X X X
4.59. a)
x+1 i/m-l—xi/)a-I—x2-|—1+x2
lim f(x)= lim
X—>+0 X~>+oo X +X+1+X X +l
1+— ,/ 1+ +7 +}/1+ +—+1
= lim
1+ +—+1 —
X x x
1
=152
2 2
b) lim f(x) = hm > . ! = 2.0=O
o \/(5 ) —xY5- x> +x2 1 1 3

X(=[3+———+1)
X X
¢) lim £(x)= lim [(\/XZ +x —x)+(V4x7 +3x -1 —2x)J

[ 1 . 1 j:hm G+ +x+) -1
x+3)x+5) x+Dx+3)) =3x+3)x+5)x+1) 2

3 j_.m x2+x-2 _
1-x (1-x)(1+x+x2) =1 (1=x)(1+x+x°)

4.60. a) hm f(x) = lim

x—>-3

b) hm f(x)= hm(

4.61a) Vikhi x —> 4 miusd — 0nén didu kién 12 t¥ s6 > 0khix >4 V4> +3m-3-4=0 16 +
3m-3=16% m=1.Khidé:
\/x +mx—-m-3—Xx VxP+x—4-x lim x—4
T e eed M aoaeon WX +x -4 +X)(x-4)(x-1)
1
YR
b) ViIMS = (x — )(x + 1 + b) nén MS — 0 khi x — 1. Do d6 diéu kién cin 12 TS - 0khix »>1<> 17+ (a
-5+a=0~a=2.Khid6:

. X’ +(@a-5x+a x> =3x+2 . (x=2) -1
lim——————=1im =lim ==
=l x"+bx=b—-1 =1 (xX-Dx+1+b) x> (x+1+Db) 2+b
Taphéicé:_—1=1<=>b=—1o

2+b 8

4.62. Tim £(x) = f(1) =2
x—1"

lim f(x) = lim —2& =D 1 _a

x—1* xal*(1lx+3+2) Ix=11 4

D€ ham s6 c6 gidi han tai x = 1 thi 1JrTa=%<=>a=—2

4.63. lim £(x) = (2) = 2+b
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lim f(x) = lim _uw
X2+ =2 (X —2)(x+2)

. - +onéuu2)>0 . )
e Néuu(2)=a #0thi limf(x)= . thi f(x) khong gidi han tai x =2
x—2" —onéuu2)<0

x(x—2) 1

e Néuu(2)=a=0thi lim f(x) = lim ——————=— va ham s6 c6 gidi han tai x =2 &
x2" -2 (X =2)(x+2) 2
2+b = 1 <=>b=-1
2

Vay khia=0va b=-1thi hAm s6 c6 giéi han tai x = 2.

4.64..2) lim L&)y (=06 (x=2)( +2x+3)

XX X — Xo x—2 Xx=2 XX, (X — 2)

b)7 ¢l

=11t

§8. Ham so lién tuc

A. Tém Tat Gido Khoa .
1. Cho ham s6 f(x) xdc dinh trén (a ;b) vad xo € (a; b) :
o f(x)lién tuc tai di€m x, < 1lim f(x) = f(xo)

0 f(x) khong lién tuc tai xo dugc goi l1a gian doan tai x, .

A
f(xo) | ---
/ I >
X0 / X0
Hinh 1 : f(x) lién tuc tai X, Hinh 2 : f(x) gidn doan tai xg
(@b thi lién lac tai diém (xo ; f(Xo)) ( dd thi “ ddt doan tai di€m (xo ; f(Xo))
@ lim f(x) = lim f(x) =f(xo) vi lim f(x) =1(xo) # lim f(x) =L
A
A M |-
fxo)| . f(xo) |-~ @
L o X0 -
yaE
Hinh 3 : f(x) gidn doan tai xo Hinh 4 : f(x) gidn doan tai x
vi lim+ f(x)= L# lim f(x) = f(x) vi 1im+ f(x) =L #f(xq)

va lim f(x) =M #1(xg)

X—Xg

2.a) f(x)lién tuc trén khoang (a ; b) < f(x) lién tuc tai Vx¢ € (a ; b)

www.saosangsong.com.vn



Chuong 4. Gidi han 36

f(x) lién tuc trén (a ; b)

b) f(x) lién tuc trén doan [a ; b] & {lim f(x)=f(a): lim £(x)=f(b)
x—a’ x—b~

Ynghfa hinh hoc : Néuflién tuc trén [a, b] thi do thi la mét duong lién nét tix diém dau (a ; fla)) dén diém
cudi (b ; fib)).

3. Ham s& da thic , lugng gidc cling nhu tdng , hiéu, tich , thuong , cin . . . clia cdc ham s8 Ay lién tuc
trén tdp xdc dinh cla ching .

4. Tinh chA't ciia ham s6 lién tuc :

Dinh Ii : ( Dinh li vé gi4 tri trung gian )

Gi4 st ham s& f lién tuc trén doan [a ; b] . Néu f(a) # f(b) thi ¥ M niim giita f(a) va f(b) , tdn tai it nhat
mdt di€m ¢ € (a ; b) sao cho f(c) =M

Hé qué : Néu ham s6 f lién tuc trén doan [ a; b] va f(a).f(b) < 0 thi ton tai it nhat mot di€m ¢ e (a ; b) sao

cho f(c)=0. A
e Phdt biéu khdc :
Néu ham s6 f lién tuc trén doan [ a; b] fta) -
va f(a).f(b) < 0 thi phuong trinh : f(x) = 0 /\
c6 it nhat mot nghiém € (a ; b) >
>\
fb) o __

B. Giadi Toan
‘Dang 1: Xét tinh lién tuc cia ham sé tai di€m x, |
lim f(x)="f(x,)

X=X, +

lim f(x)="f(x,)

e Néu lim f(x) =1f(xg) & thi ham so lién tuc tai xo .
X‘)XO

f(x) khong xdc dinh tai x|

e Néu lim+ f(x)=1(x,) thi hAm s6 gi4dn doan tai x, .

X=X

lim f(x) = f(x,)

X=X,

Vi du 1 : Xét tinh lién tuc cia ham sd sau tai di€m x,
Vx+4-2
—— ;X> 0
& x x>l X" +2x
@ f0=1x 1 wix=l b) f(x) = —“5“’4’”1;X<0 tai xo= 0
X<
\/1—X 1
g ;x=0
Giai a)Tacof(1)=1°-1=0
e limf(x)=lim(x*-x)=f(1)=0
x—1" x—1"
x* -1 —(1-x)(x+1)
e limf(x)=lim(—=) = lim ———==———~=—limVI-x(x + 1) =0 => lim f(x) = f(1)
x—>1 x—1 “ll—X x—1 ’\/1—X x—1" x—1

Vay lim f(x)=lim f(x) =f(1) => f(x) lién tuc tai diém xo =1
x—1* x—1"

b) Ta c6 f(0) = %
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Vx+4-2 X 1

Iim f(x) = lim = lim .
° x—0" ( ) x—0" X2+2X "”0+m+2 X(X+2)
— lim 1 ! =_ 1 => lim f(x) = (0)
U X +442 X428 xo0

e 1limf(x)=lim Vsinx+1_sin0+1_1_ £(x) = £(0)
x—1" x—>0" 4 4 4 x—0"

Vay f(x) gian doan tai diém x, = 0.

) . 21 g A 3. R
Vidu 2 : Pinh a d€ ham s0 sau lién tuc rai diEm xqg =2 .

/x -3x+2 -2
f(X): VX +7 -3

2x—a;XS2
x—1
Gigi
e Tace:f()= 222 _4_
2-1
. llmf(x)—llmzx_a=4—a:f(2)
-2 x—1

x> =3x+2 Nx+7+3
e limf(x)=1lima _

X2 =2 N Jx+7-3 K2
= lim a\/(x ~1.(Vx+7+3) =ay1.G+3) = a6

x—2"

= lirg a\/(x -D(x-2).

Dé€ ham sd lién tuc tai xo =2 thi lim f(x) = lim f(x) = f(2)
x—2" x—2"

P 4—a=zaJob<=>a= 4
1+\/€

Dang 2 : Chitng minh ham s lién tuc trén mot khdang , doan ‘

St dung dinh nghia va nhd moi him s6 da thirc , hitu ti , vo ti , lugng gidc . . .

ma nd xac dinh .

Vi du 3 : Chitng minh him s6 sau lién tuc trén [1 ; + o ) :
29x—1+x-1 -
fx) =19 Jx*+2x-3 ’

1 ;x=1

>1

Giai :
29x—-1+x-1
JE=D(x+3)

\/ -10+vVx-1) 1. 2++x—
JE=D(x+3) =l Jx+3

T (1) va (2) ham s6 liéntuctrén [ 1 ;+ o )

o Voix>1:1f(x)=

e Taix=1:f(1)=

Taco : hm f(x)= 1

* Vidu 4 : Pinh a va b d€ ham sd sau lién tuc trén R :
2x* —ax—1

fx)= ¢ x> +x-2

bx* -3x+4 ;x<1

;x>1
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2_ _ 2_ _
e Xétx>1: f(x)= 2x2 ax 1: 2x° —ax—1
X +x—-2 (x-DE+2)

xdc dinh nén f(x) lién tuc khi x > 1

o Xétx<l1: f(x)= bx* - 3x + 4 xdc dinh nén f(x) lién tuc khi x < 1.

e Taix=1: f(1)=b(1)>-3.1+4=b+1.
Ta c6 : lir{} f(x) = lir?(bxz —3x+4)=b+1
lim £(x) = fim 252X =1
x>l = (x-D(X+2)
Khix —1,titi€ntdi 1-—a, miuti€ntdi0.Néul—-a#0 < a#1,f(x)ti€n t6i vo cuc . Suy ra ham s6
khong lién tuc tai x =1 . Do d6 diéukiéncﬁndéhéms6liéntuctaix=1151 l-a=0&a=1.Khidé:
2x* —x -1 _lim(x—l)(2x+1)

lim f(x) = lim

ol o (X =1)(x+2) = (x=1)(x+2)
_ 2x+1 _3_1
x> x+2 3
‘. ) ) a=1 a=1
Vay ham s0 lién tuc trén R < f(x) liéntuctaix =1 & <=>
b+1=1 b=0

Dang 3 : Chitng minh phwong trinh f(x) = 0 ¢6 nghiém thujc (a ; b)‘
Go6m 2 budc :

e Chitng minh ham s6 f(x) lién tuc trén (a ; b) .

e Chdng minh f(a).f(b) < 0

Vidu 5: Ching minh phuong trinh :
a)x'=3x’+2x-1=0 c6 it nhat 2 nghiém |.
b)sin’x =3 -x c6 nghiém .

Giai: a) Xétham s6 f(x) =x* - 3x* +2x — 1 lién tuc trén R .
Laic6:f(0)=-1<0,f3)=3"-3.3+2.3-1=3>0,f(- D=1 -3.- D)*+2(- ) -1=1.
Vi £(0).f(3) < 0 nén phuong trinh f(x) = 0 ¢6 it nhat mot nghiém thuodc (0 ; 3)
Vi £(0) .f(-1) < 0 nén phuong trinh f(x) = 0 ¢6 it nhat mot nghiém thudc (- 1; 0)
Vay phuong trinh f(x) = 0 ¢6 it nh4t hai nghiém .
b) Tacé :sin’x =3 -x & sin’x+x-3=0
Xét ham s8 f(x) = sin’x + x — 3 lién tuc trén R .
Laicé :f(0)=sin0+0-3=-3<0
f(n)=sin’t+n—3>0
Vi f(0).f(n) < 0 nén phuong trinh f(x) = 0 ¢6 it nhAt mot nghiém ( thude (0 ; ©t))

Vi du 6 : Chitng minh phuong trinh :
a)m(x — 1)’ (x* = 4) + x* = 3 = 0 ¢6 it nhdt 2 nghiém véi moi m ,
b) x> -2(m*+2)x*+mx+m> +m+ 1 =0c6 ding 3 nghiém véi moi m |

Giai:a) Xéthamso : f(x) =m(x— 1)’ (x*-4) +x* -3 liéntuc trén R ,

Tacé : f(1)=m.0+1"=3=-2; f2)=f(-2)= m0+2*-3=13

Vi f(- 2).f(1) < 0 va f(1).f(2) < 0 nén phuong trinh c6 it nhit 2 nghiém thda : -2<x<l<x<2.
Ghi chii : Ta uu tién chon cdc gid tri cia x lam mdt tham s6 mlax =1, x= + 2.

b) Xétham s6 f(x) = x° - 2(m>+2)x* +mx + m>+ m + 1 lién tuc trén R .
Tacé:f(0)= m*+ m+ 1>0, véi moim.

f(H=1-2m*+2) +m+m*+m+1=-m’+2m-2 <0, véi moi m .
Suy ra : f(0).f(1) <0, V m. Do d6 phuong trinh : f(x) =0 c6 it nhit 1 nghiém € (0;1).
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Mitkhéc : lim f(x) =+ , do dé véi x = x; di 16n thi f(1).f(x;) < 0 => phuong trinh f(x) = 0 ¢6 it nhat 1

nghiém € (1 ;x;) .
Tuong ty : lim f(x)=—o0 , do dé véi x = x, dii 16n thi £(0).f(x,) > 0 => phuong trinh f(x) = 0 c6 it nhat 1

nghiém € (xz; 0) .
Do @6 phuong trinh f(x) = 0 ¢6 it nhi't 3 nghiém . Nhung mot phuong trinh bac 3 thi c6 nhiéu nhat 1a 3
nghiém , vi vy phuong trinh f(x) =0 c¢6 ding 3 nghiém véi moi m .

C.Bai Tap Reén Luyén

4.65. Xét tinh lién tuc cia ham so tai X

—S_X_Z‘x>1
Jx-1 7 Ix—11x
5 —9x - 5 3;X¢1
— _l’_ J—
a) f(x)= m;x<1 :Xo=1 b) f(x)= ’1‘ X ,Xo=1
| —;x=1
-——,x=1 4
2

XVx—4
2—;X>4
o) f(x) = 4 VX" —4x  Xo=4

2
X+4‘XS4
X+2

. . s oA 1 ~ N s g R
4.66 . Binh cic gid tri cua tham s6 d€ ham so6 sau lién tuc tai di€ém x .

\/__1+ax+b x>1
VI-x —+1+x x—1 ’
x<0 4, x=1 x>1
a) f(x) = A X 1 X0=0 bfx)=1]""" " ’ X =1
_X = —
a+ 2,x20 a(x 2+x +x-3) x<l
X+ X°=3x+2
a(vx+1—-+/2x+1)
> ,x<0
X~ —X
2
C)f(x): M,X>O ;X():O
X
1; x=0
2x* +2x -4
X —x"+x—1
4.67. Ching minh ham s6 : f(x) = {3néux=1 lién tuc trén R .
3x-3 .
5 néux>1
X —X
P2x+4-2
0 y —— nfux>2 .
4.68.Tim a dé ham s6 f(x) = X—=2 lién tuc trén R .

ax—a+4néux<2
4.69. Ching minh phuong trinh :
a) cos’x - v/x =0 ¢6 it nhat 1 nghiém
b) x* — x> = 9x* + 2x + 14 = 0 ¢6 diing 4 nghiém
¢) x* + x — 10 = 0 ¢6 it nhdt 2 nghiém .
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fox’+mx-—m+1

4.70. a) Chi'ng minh phuong trinh : X =m c¢6 it nhat 2 nghiém véi moi m > 1

x> —x-2
b) Chttng minh phuong trinh : Vx> —=4x+3 + m°x” + mx —10m* —4 =0 c6 it nhat 2 nghiém .
¢) Chitng minh phuong trinh : x’ —3x =m ¢6 it nhat 2 nghiém, V m € (- 2;2)

4.71. Chtrng minh :
1
cosx sinx
b) Phuong trinh : m(2cosx - ﬁ )=2sin5x + 1, V m.
¢) Phuong trinh : cos2x + acosx + bsinx =0 c6 nghiém, V a,b.
d) Phuong trinh : msin t1Xx+ m—-x=0 c6 nghiém, V m.
e) (M +2m+2)x— 1) +x-m*+2m=0 ¢6 nghiém, vV m e [ 1;2]

a) Phuong trinh : =m c6 nghiém V m.

4.72. Cho phuong trinh f(x) = ax® + bx + ¢ = 0 . Bi€t a. f(c ) < 0, chitng minh phuong
trinh : a(ax2 +bx + c)2 + b( ax’ + bx + ¢) +c=xco6 nghiém.
D. Huéng DiAn — Pap So
4.65.a) (1) =- %
1-0Gx+D) 1

e limf(x)=1lim =——

ot o (f5—x +2)(x=1) 2

e limf(x)=lim—20-% __1
x—>1" x—>1" (X — 1)(X + 3) 2
Vay f(x) lién tuc tai xo = 1.
1
b) f(l)=—
) (D) 2
o Ilimf(x)= limﬂzl
x>l I (x=D(x+3) 4
e limf(x)= limﬂ = A
x> - (x—=1D)(x+3) 4
Viay f(x) gidn doantaixg=1.
c)f(4) =2
o lim f(x)=lim 22" vX—4 _ )
x—4" x—4" (/X _4\/;

e limf(x)=f(4)=2
x—4"
Vay f(x) lién tuc tai x o= 4
4.66.2) f(0)=a +2
e limf(x)=f(0)=a+2
x>0

-1

o lim f(x)=lim 2x

X0 0 x(1=x +/1+x)
f(x)liéntuctaix=0 & a+2=-1a=-3.
b) f(1)=4
x—1

e limfx)=lm|———k
x> x—>1*|:(x_1)(\/;+1)

(x —D(x* +2x+3)
=—06a

+ax+b}=%+a+b

e limf(x)=lima

x—1" x—>1" (X — 1)(X — 2)
f(x) lién tuc tai xo=1 & 4:%+a+b=—6a Pa=- %,bz% .
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c)f(0)=1
—X a

e Ilimf(x)=Ilima =—
x—>0° =0 | —x(X+ DX +1+/2x+1) | 2

e Khix »o",tf »>b,mdu—0,viayb=0.Khid6:

x(x+:’:1—1)_a

lim f(x) = lim -1

x—0" x—0"
f(x) lién tuc tai xo=0 & 1 = %:a—l vib=0 ©®a=2vib=0
2x—-D(x+2)
x-D(x>+1)
3(x—1)

x(x—1)

4.67.Khix <1 :f(x) = Iu6n xac dinh nén lién tuc .

e Khix<1:f(x)= Iu6n xac dinh nén lién tuc .

o Xétx=1: limf(x)=Ilim 20; +f) =3=1(1); limf(x)= limi =3 =f(1). Vay f(x) lién tuc khi x = 1
x—>1* x—1" X

x—1" x=>1" X7 +

K&t luan f(x) lién tuc trén R .

4.68. Khix >2:f(x) ludn xdc dinh nén lién tuc .
e Khix<2:f(x) ludn xdc dinh nén lién tuc .

e Xétx=2: lim f(x)=lim 2(x-2) 1

w2 o (fax s dy 42 ) +2)(x-2) 6
lim f(x) = f(2)=a+4 =f(1).

1
Vay f(x)liéntuctrén R < f(x) liéntuctaix=2 < a+4= g

.3
6
4.69. 2) Xét ham s0 : f(X) = cos’x - \/; lién tuc khix > 0

Ta c6 : f(0) = 1 va f(g)z—\/§<0 => dpcm .

@a:

b) Xétham s6 : f(x) = x* — x* —9x* + 2x + 14 lién tuc trén R . Ta c6 bang gid tri sau :

X -3 -2 0 2 4
F(x) 35 -10 14 -10 70
Suy ra phuong trinh c6 it nhar 4 nghiém thda -3 <x; <-2<x<0<x3;<2<x4<4.

Nhung mot phurong trinh bac 4 c6 nhiéu nhat 4 nghiém , do d6 phuong trinh cho ¢6 ding 4 nghiém .
Ghi chii :C6 thé thay hai gid tri f{-3) va f4) bing Xlin}g f(x)=lim f(x) =+0>0

X—>+0©

¢) Xéthamsd : f(x) =x* +x - 10

X -2 0 2
F(x) 4 -10 8
Vay phuong trinh f(x) = 0 c6 i nhat 2 nghiém thda -2 <x; <0< x,<?2

4.70. a) Pidu kien x #- 1 ;2.
Phuorngtrinh<=>x4—x2+mx—m+l:m(xz—x—Z)
SfX)=x'-x+1-m(x*-2x+1)=0 x*-x*+1-m(x-1)*=0
f-1)=1-4m >0,f0)=1-m<0, f(1)=1>0
Vi f(x) lién tuc trén ( — 1 ; 2) nén phuong trinh f(x) = 0 ¢6 it nhat 2 nghiém thda :-1<x;<0<x,< 1
b) Xét ham s6 f(x) & VT, lién tuc trén mién xdc dinh (- © ;1] U[3 ;4 o )
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f(1)=-9m> +m-4 <0, Vm ) )
Tacé: =>phuong trinh f(x) = 0 c6 it nhat 1 nghiém e ( -

f(-10)=90m> - 10m + /143 -4>0, Vm
10;-1)
f3)=-m’ +3m-4<0, Vm
{f(lO) =90m>+10m++/63 -4>0, Vm

Suy ra dpcm .
Ghi chu : Cdc gid trix = 10, - 10 dé dé tinh va sao cho cdc tam thitc theo m céa > 0va A< 0. Co thé
thay cdc gid tri nay lim f(x) = lim f(x)=+400, V m.

=> phuong trinh f(x) = 0 ¢6 it nhit 1 nghiém € (3 ; 10)

¢) Xétham s6 : f(x) = x° — 3x —m lién tuc trén R .
Taco: f(1)=-2-m<0 ,f2)=2-m >0,f(-2)=-2-m<0,f-1)=2-m>0
Vi f(1).f(2) <0 va f(- 2) .f( - 1) <0 nén phuong trinh f(x) = 0 c6 it nhat 2 nghiém

4.71. biéu kién sinx.cosx # 0, phuong trinh & f(x) = sinx — cosx — msinxcosx =0 (1)
Ta ¢6 f(x) lién tuc trén R va f(0) =- 1 <0, f(g )=1>0, do d6 phuong trinh (1) c6 nghiém e (0 ; g) .

Nghiém nay thda diéu kién nén ciing 1a nghiém ctia phuong trinh di cho .
Ghi chii : Hai gid tri ta ldy lam cho biéu thitc chita tham s bang 0.
. T

b) Ta 14y hai gi tri 1am cho bi€u thitc chita tham s bing 012 x = %Va P

o) Ta Iy hai gid tri x = ~va “Fva duge f(| = |=a+b: £ 2% | =—(a+by=> [ = ¢ 2% | <0trdi dau.
4 4 4 4 4)\ 4

d) f(0) =m, f2m) =m.sin2mn-m=m ( sin2mn- 1) .
Ta ¢6 : £f(0).f(2m) = m* (sin2mn- 1) < 0 => dpcm .

4.72. a) Xétham s6 : g(x) = a(ax2 + bx + c)2 + b( ax’ + bx + c) +c - xliéntuctrén R . Ta c6 : af(c) <0
=> phuong trinh f(x) = 0 c6 hai nghiém x; , X, va X <c <X, .

Suyra g(x;)=af(xy )2+bf(xl)+c—x1 =c—x;>0 vatuongty g(x, )=c—x,<0

Do dé6 : g(x1).g(x2) <0=>dpcm.

§9. Trac nghiém cudi chuong

A.CAUHOL.
Ghi chii : Hoc sinh khong duoc dung mdy tinh khi lam bai .
(-n=6)’

1. Taco: limﬁz
(n+1)"(n-7)

a) 0 b) 1 o-1 d) + o

@Cn+7)"

2. Tacod : lim — > =
2n+1)Y°@4n” =7)

a) 1/4 b) 0 c)4 d)+ o

3.Tac6: lim(v/2n+3 —/2n+6) =
a) 2 -3 b) 0 ¢)— o d) + o

n+l-+n*+3n+1 _
Jn+3-+/n+2

4. Tacé : lim

a)—-1 b)-2 c)+ © c)— ®

www.saosangsong.com.vn




Chuong 4. Gidi han

(2n _3n+1 )2 B
2™ 132" —4.3")

5.Tacéd:lim

9 1 3

6. Mot ngiroi tinh gdi ti€t kiém ky han 1 nim vdi 14i sudt 10% mot nam . Dén ky han lai g8i ti€p ca von
14n 14i cho nim ti€p theo va ci th& cho d€n khi sau n nim s6 tién lanh ra , ké cd von 1an 13i, it nhat
phai gdp ddi sd tién von ban du . VAy ong ta phai gdi toi thi€u lién tuc 13 bao nhiéu nim ?

a) 8 nim b) 9 ndm ¢) 10 ndm d) 1du hon 10 nin

7. Tacd: lim (1+L+...+;) =
xoxg 1 142 1+2+...+n
a)l,5 b)1,8 c)2 d) + o
. . . oxT 3%’
8. Ta c6 sau khi khit dang vo dinh thi lim ————— =
x>-3x° —2x—15
2 3
a) lim =X b) lim — ¢) lim —2X d) Tim—2"
x—>-3 X — >3 X — x>-39x — x»>3]114+X

. N2X+T —X+8
9. im Ia

=l x*4+5x—6
a) 40 b) 41 c)42 d) 43

VX+9-x*-3

10. Ta c6 : lim

0 Jx+1-x-1

Ny LA N p @
m()tphansot01g1angmaa+b:

1 1 1
a)- — b) — c)- — d)o0
) p )6 ) 3 )
o xW2x—-1-33-2x
11. Ta cod : lim > =
x—1 x° =1
1 2
a) — b) — c) 1 d) —
)3 )3 ) )
12. Tac6 : lim (V4x® +x+1-+/4x> +6x=2) =
5 5
a)- — b) — C)— o d)+ o
) 2 )4 ) )
. 1 1 N A A AN A .2 a N
13. lim| —; — 12 mot phin s6 t6i gian — (b>0)va b—a =
-2\ 3x" —4x—-4 x" —12x+20 b
a) 15 b) 16 c) 17 d) ddp so khéc

2 J—
14.Ta 6 : lim Y2 *H7—NVx+3

"**""3){—2—\/x2 -x-1 -

a)% b) 1 c)0 d)+
15. Tac6 : lim 2= X=2]_
x-2" [4—x"|
a)+ o b) — c)0 d) 14

16. Him s6 nao dudi day lién tuc tai x, = 1

I _ 2x—1;khix>1
x =11+
D fx) = ——— (I gx)=2Jx+3-4 .
[1-x1-1 —— khiO<x<l1
Jx -1
a) Chi (I) b) Chi (II)
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c) Ca (I) va (1) d) Khdng ham s6 nao .
+
xra ; x<1
x—=2
x*+ax—a—1 )
xX*+(@a+2)x—-a-3

17. Cho ham sd f(x)=
x>1

Cé hai gia tri cla a dé dé€ ham sd sau lién tuc tai xo = 1 va tich ciia ching 1a :
a)—6 b) 6 c)-3 d) ddp s6 khéc

18. Him s6 nao duéi day lién tuc trén R

Wi = 22 an g = 27
Jx2 +3x+3 Ix1-3
2x+3 ;x2>1
(HD) 1 4(+/5-x —2x)
o2
a) Chi (I) va (ID) b) Chi (II) va (IIT)
¢) Chi (I) va (III) d) Ca (), (I1) va (III)
Bl
19. BPinh m @€ ham s6 f(x) = m(m—\/;) &
x—1
lién tuc trén R
a)khdng c6 m b) m=1haym=-2
com=1 d m=-2
20. Phuong trinh nao sau ddy cé nghi€ém véi moi m :
DO mx*-3x+2)+ x*'=3=0
Mmx-DE+4)+x — 4x=0
a) Khong phuong trinh nao b) Chi (I)
¢) Chi (II) d) Ca (I) va (II)
B. BANG TRA LOI

1(a) 2(¢c) 3(b) 4(d) S(@) 6(a) 7(c) 8b) 9() 10(c)
11(d) 12(b) 13(c) 14(b) 15(a) 16(c) 17(b) 18(c) 19(d) 20(d)

C. HUGNG DAN - PAP SO

1. (a) Vibac cta i 12 5 trong khi bac ctia miu 1a 6 nén limu, = 0

11
(2+7j "
n 2
=4

55 42
n n

2.(¢c) limu, = lim
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-3
3.(b) limu, = lim =0
J2n+3+/2n+6
4. (d) limu, = lim — vn+3+vn+2

n+l+vn2+3n+1 1

v Y
5.(2) limu, =lim n B 1(‘(3)4) _ _%
2(2j +1 (2j —4|
3 3
6. (a) Goiuy, 12 s6 tién ritra ( gdm c4 von va 1di ) sau n nim . Theo gid thi€t,tacé: u, =u,; +0, 1(u,.
1)=u,_;.1,1,Vn > 1.
Vay (u,) 12 s6 hang ctia mot cAp s6 nhadn cong bdila q =1, 1 va sd hang ddu ( tién rit dugc sau mot nim )
lau; =1, lu (u: sd tién gdi ban dau).
D€ sd tién nhan dugc it nhi't gdp d6i s6 von dau tién di gdi , ta phdi 6 :
2u=u;.q" " = 1,1 (1,
& 2=y

Ta tim s6 n nguyén nhd nhit sao cho : (1, 1)" >2.
Dung mdy tinh , ta dugc: n =8

7.(c) Dung cong thic: 1 +2 +.. +k

_k(k+1)_> 1 Vv 2 5 1 1
2 1+2+...+k k(k+1)

k k+1
=> limu, =lim| 2 l—l+l—l+...+l— !
1 2 2 3 n n+l

i

3 3
8. (b) lim £(x) = lim —— %3 _ iy X
x—-3 X~>*3(X+3)(X—5) x>3x —5
. . (x—1) 1 . | |
9.(d) limf(x)=Ilim . =lim = —
x> SI2x+7 +4/x+8 (X=D(x+6) 1 (2x+7 +/x+8)(x+6) 42
=>a+b=43
. o X" —6x"+x x+14+x+1 —x’—6x+1 ~x+1+x+1 1
10. (¢) limf(x)=1lim . = lim . =-—
x>0 S0 x+9+x*+3 X' -x 20 x+9+x>+3  —x-1 3
J— — _3 —
11. (d) lim £(x) = Jim| Y2~ 1 =1, 1=V3-2x
o1 ot x—Dx 1 (x—D(x+1)
~ lim (x> +x+1) . 2 )
1 (xV2x =1+ D(x +1) (1+é/(3—2x)2+1)(x+1) 33
3
-5x+3 _5+;

12.(b) lim f(x)= lim = lim
X0 o Jax? 4 x+1+4x7 +5x -2 H-w_\/ 11 \/4+6 2

44—+ - >
X X

2
X X

>
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13. (@) lim f(x) =lim ( 1 1 j 4x -8 L -1

=lim =- —=—=>b
(x- 2)(3X+2) (x=2)(x-10) Xl%2()( 2)(3x+2)(x —10) 16 16 g

—a=17

7 1 3
e TNk _2-0
14. (b) Ta cé hm f(x)= lim = =1
x~>+oo3 2 \/ 1 1 3-1
2

1———
X X X

VX=2-(x-2) . x=-2(1-vx-2) .. I-vx-2
> =lim =lim—
x:—4 -2 (X=2)(x+2) =2 X =2(x+2)

=+ o0 vimau

15. (a) lim f(x) = lim
x—>2" x—>2"
—>0"vatt -1

16. (c) * Ta cé hmf(x) f(l)—OJr:l5 =-3 =>f(x) liéntuc taix =1

=1

“ (=1, limgx)=gM) =1 va limg(x)= lim—2_1) Vx +1
o el >l Jx+3+2 x-1

=>g(x)liéntuctaix =1

17.(b) Tacod : limf(x)=f(1)=-1-a
x—1"

hmf(x)—h (x-D(x+1+a) a+2
X1 xol" (X — 1)(x+a+3) a+4

<=>a’+6a+6=0

Vay —1-a= a+2
a+4

Céhaigida tricitaavatichla 6.

18. (c) * Ham s6 f(x) 12 hAm s6 vo ty , x4c dinh trén R nén lién tuc trén R .
* Ham s6 g(x) khong xdc dinh khi x = + 3 nén khong lién tuc trén R .

* Xétham s6 h(x) : Khix > 1:h(x) =2x + 3 nén f(x) lién tuc .

4(5-x —2x)

Khix<1:h(x)=
(x-D(x-2)

xac dinh nén lién tuc .

| 20(1-x)
Khix=1: limf()=f()=5, limf(x)= B
ix imf(x)=f(1) =5, lim f(x) = lim W5—x +2x)(x = 1)(x —2)

Vay ham s6 lién tuc khi x = 1. K&t luan h(x) lién tuc trén R .
19. (d) * Khi x <1 ; f(x) lién tuc khi né xdc dinhkhix<1 & m <-1
* Khi x > 1 : f(x) xdc dinh nén lién tuc .

*Khix=1: limf(x)=f(l)=—— : ; lim £(x) = lim m(x —1) -
x>l 14+ m

o (2x—1+Vx)(x=1) 2

Pé flién tuc trén R thi flién tuc tai x = 1 < I ! =%¢>m2+m—2=0®m=lhaym=—2. Vim <
+m

-Inénm=-2.
20. (d) * Xét (I) : Ham s& f(x) & v& trdi lién tuc trén R va f(1) = - 2, f(2) = 13 nén phuong trinh f(x) = 0 ¢6
nghi thudce (1 ; 2)
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* Xét (I1) : Ham s f(x) & v& trdi lién tuc trén R va f(0) = - 4m , f(2) = 6m => f(0)f(2) = - 24m* < 0 nén
phuong trinh ¢6 nghiém thudc [ 0 ; 2] .

Vay ca hai phuong trinh déu c6 nghiém v6i moi m .
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