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1 Pinh nghia va cac tinh chat

1.1 Dinh nghia

Cho ham s6 f(z) xac dinh trén mién D. Ta n6i rang M la GTLN cta f(z) trén D, néu
nhu dong thoi thod man hai dieu kién sau day:

1. f(x) < MVx e D

2. Ton tai zg € D sao cho f(zg) = M
Khi d6 ki hieu M = max f(x) Ta noéi rang m la GTNN ctia f(x) trén D, néu nhu dong
thoi thod man hai diéu kién sau day:

1. f(z) >mVz e D

2. Ton tai g € D sao cho f(xg) =m
Khi d6 ki hieu m = mgn f(x)

e Khi néi dén GTLN hosic GTNN clia mot ham s bao gis ciing phai biét né xéc dinh

trén tap hgp nao.

Clung mot ham s6 f(z) nhung néu xac dinh trén cac tap khac nhau thi néi chung
cac GTLN, GTNN tuong tng la khac nhau.

e Dé cho thuan tién, phit hop véi chuong trinh ciia céc 16p pho thong, trong tai lieu
nay khi dé cap dén GTLN, GTNN trén tap hop nao do6, ta luon gid thiét 1 ching
c6 ton tai.

1.2 Tinh chat cia GTLN, GTNN
1.2.1 Tinh chat 1:
Gia st A C B, khi do6 ta c6:

bonay /) = map )

2. rmréig flz) < g’leig f(x)

1.2.2 Tinh chat 2:
Gia st D = Dy U Ds. Khi d6 ta ¢6 cac cong thic sau:

1. max f(z) = max{max f(z), max f(z)}

9 mi o . .
min f(z) = min{min f(z), min f(z)}
Tinh chat trén cho phép ta chuyén viec tim GTLN, GTNN ctia mot ham s trén tap D
phiic tap vé viéc tim cac gia tri tuong tng trén cac tap D, D, don gian hon.

Tong quat ta c6 thé viét D thanh hop ctia n tap khac nhau.

Hoang Thanh Thuy
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1.2.3 Tinh chat 3:
Néu f(z) > O0Vz € D ta co:

max f(z max f2(z)

mln f(x /mln f2(z

Tinh chat trén cho phép ta thay thé viec tim GTLN, GTNN ctia ham s6 f(x) vé viec tim
GTLN, GTNN ctia ham s6 y = f2(x) néu biét rang f(x) > 0,Vz € D. Diéu nay rat hay
dung néu f(z) co6 chita can thic hodc dau gia tri tuyet doi.

1.2.4 Tinh chéat 4:

1. max(f(z) + g(x)) < max f(z) + max g(z)

2. min(f(z) + g(z)) = min f(z) + min g(z)

Dau bing trong (1) x4y ra khi c¢6 it nhat mot diém o € D ma tai d6 f(z) va g(z) cling
dat GTLN.

Dau biang trong (2) xay ra khi c6 it nhat mot diem z; € D ma tai d6 f(z) vd g(r) ciing
dat GTNN.

1.2.5 Tinh chéat 5:

max f(r) = —min(—f(z))

Hoang Thanh Thuy
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2 Cac phuong phap tim GTLN, GTNN

2.1 Phuong phap ham sb
2.1.1 NOo6i dung phuong phap

Diing dao ham dé khao sat ham s6, sau d6 lap bang bién thién (néu can thiét) deé ti
dé giai quyét bai toan.Vi chiing ta chi khao sat ham s6 1 bién nén dé ding dugce phuong
phap nay doi khi phai thuc hién nhing phép bién déi thich hop dé lam giam sb lugng
bién, ching han, tinh cac bién con lai theo mot bién, dat an phu.

Chu y: Khi sit dung phuong phap nay néu co cac phép doi bién thi ta phai tim lai mién
xac dinh.

2.1.2 Cac vi du
Vidu 2.1.1. Tim GTLN, GTNN ctia ham s6

o+l
2+ r+ 1
Loi giai. Tap xac dinh ctia ham s6 1a D = R. Ta ¢6

;o —x? — 2
YT @Ay

Do d6y =0« x = 0;2 = —2. Ta c6 bang bién thién ciia ham s

T | —o0 -2 0 +0o0
Yy - 0 + 0 —
1

y 0 \ .
\

“1/3

Tt bang bién thién suy ra
GTLN ctia ham s6 1a maxy = y(0) = 1.
1

GTNN ctia ham s6 1a miny = y(—2) = -3

Vi du 2.1.2. Tim GTNN cta f(z,y) = —22%y + zy? trén mién
D={(z;y):0<2<1,0<y <2}
Loi gidi.

Nhan xét: T dang clia f(x,y) ta thay néu coi mot trong hai bién la hang s6 thi gia tri
ciia f(z,y) hoan toan xac dinh theo bién d6. Ta c6

min f(z,y) = min, min f(z,y).

Hoang Thanh Thuy
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Xét g(x) = —22%y + xy?. Ta co6
g'(x) = —dzy +y*.

Bang bién thién:

r |—oo 0 y/4 1 +o00
g9'(z) + 0 -
9(=) / \
9(0) g9(1) Z
(Chﬁy:d00§y§2nén0§%<1)

Tit bang bién thién ta thay
min g(x) = min (9(1);9(0))
= min(0;y* — 2y)
= y2 — 2y.
(Vivei 0 <y <2thiy?—2y<0)
Suy ra

min f(z,y) = min (y* - 2y) = 1.

Vay min f(z,y) = —1 khiz =1,y = 1.
Vi du 2.1.3. Tim GTLN, GTNN ciia ham s6

f()=+v1+2cosz+V1+2sinz

trén mién
D={z:1+2cosz>0;1+ 2sinz > 0}.
Loi gidi.
Do f(z) > 0,Vz € D nén viec tim GTLN, GTNN ciia f(x) ¢6 thé quy vé tim GTLN,
GTNN cua f%(z).
Xét

g(x) = f3(x) =14 2cosz + 1 + 2sinz + 2/1 + 2(sinz + cos ) + 4sin z cos .

Hoang Thanh Thuy



Chuyén dé Gia tri 16n nhat, Gia tri nhé nhat 6

Dit ¢t = sinz + cosx thi t = v/2 cos (m— %) Ta co

-1
14+2cosz >0 CostT
: A A
1+2sinx >0 sing > ——
- 2T
& ?+2k7r§x§?+2k:7r(k62)
—b7 T 5T
— 4%k <x——< —+2k
g TERMTET TS gy AT
5
= cos(l—;T + 2km) < cos(z — %) <1
— /2
S ugcos<x_ﬁ)§1
4 4
3—+1
& —f2f§t§\/§

Vay bai toan quy vé xét ham

h(t) =2+ 2t + 2v202 + 2t — 1

trén mien
q <t < V2
Ta co Vi Vi
2t+1 3—V1
R (t) :2+2.—+ >0, v6i moi ———— <t < /2.
V22 + 2t —1 2

. . 3—+1

Do d6 h(t) dong bién trén D; = [%, \/5] Suy ra

— V1
min A(t) = h(g) =V3+1
max h(t) = h(V2) = 4(V2 + 1).
Do mbi t € D, déu ton tai x € D nén

min g(z) = V3 + 1
max g(z) = 4(v2 + 1).
Tém lai, ching ta sit dung phuong phap nay khi biéu thiic da cho c¢6 thé dua vé ham
s6 tinh duge dao ham. Va xin nhéc lai, khi ban dat an méi thi diéu kien clia an méi phai

14 diéu kién chinh xac, khong dugc 1ay diéu kien ao.

BAI TAP VAN DUNG

Bai tap 2.1.1. Tim GTNN ciia ham s6

flo) = (1—2)(2—y)(4z - 2y)

Hoang Thanh Thuy
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trén mién
D={(z;y):0<2<1,0<y <2}
Hudng dan giai: Tuong tu Vi du 2.1.2.
Dép s6: min f(x,y) = —2 khi x = 0;y = 1.
Bai tap 2.1.2. Tim GTLN, GTNN ciia
1 1

= — khi R.
/() sinz+4 cosx—4’ tre
Huéng dan gidi: Tuong tu Vi du 2.1.3, dit ¢t = cosz — sin .
Dap s6: min f(z) = smax f(x) = .
p 56 min f(z) = =i f(a) = ———

Bai tap 2.1.3. Tim GTLN, GTNN cta:
a) f(z) =|1+2cosx|+ |1+ 2sinz|
b) f(z) = Va+ cosz + va + sin .
Hudng dan giai: Tuong tu Vi du 2.1.3.
Bai tap 2.1.4. Tim GTLN, GTNN ciia

cos® x + sin x cos x
1+sin’x

y:

Huéng dan giai: Dat ¢ = tan .
Bai tap 2.1.5. (Dai hoc Giao thong van tdi - 98). Tim GTLN, GTNN ctia ham s6

2z n 4x
cos
1+ 22 1+ 22

y = sin + 1.

9
T thi —sinl < ¢ <sinl. Khi dé

Huéng dan giai: Dat t = sin
s & ' 1+ 2?2

y=f(t) = =22 +t+2.

Lap bang bién thién clia ham so6.
. 1 17 2
Dép s6: miny = —2sin? 1—sin 1+2 khi z = £1 vAimaxy = f(—) = — khisin i
4 8 1+ 22

1
1
Bai tap 2.1.6. (Hoc vien QHQT - 99). Cho z,y théa man z > 0,y > 0,z +y = 1.

Tim GTLN, GTNN cua
Zz )

y+1+x+1'

Huéng dan giai: Ta bién déi
Lo+ ) +yly+1)  (+y)P-2ay+1

(z+1Dy+1) ry+ax+y+1
_2—2uxy
ooy +2°
1 . 2—2t
Détt:xythiogtgZl,xét;amséf(t): S
Dép s6: mianf(zl) =3 va max P = f(0) = 1.
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2.2 Phuong phap sit dung cac bat dang thic

Noi dung tu tudng cua phuong phap:

Cho A = f(z) ¢6 mién xac dinh 1a D. Dé tim GTLN, GTNN ctia A ta sé diing cac bat
dang thitc nhu: Cosi, Bunhiacopxki, Jensen, Trebusep... dé chiing minh m < f(x) < M
, N 2 > Z P 2. 9 2 m = f(xl)
trong d6 m, M 1a cac hang so. Sau do6 phai chi ra dugc x1, 25 € D de

M = f(x2)
Cubi cung két luan: M 13 GTLN ctia A; m 1a GTNN ctia A.

Phan nay néi rieng va cidc phan khac néi chung néu chia nhé xem khi nao stt dung bat
déng thiic Cosi, khi nao diing bat ding thic Bunhiacopxki,... khi nao danh gia thé nay,
khi nao danh gia thé kia thi qua thyc sé rat dai dong va c6 khi sé lam cho van dé tré nén
rac 10i.

Vi vay, moi sy phan chia ctia chiing t6i chi ¢6 tinh chat tuwong ddéi. Déi véi mdi phan,
tham chi mdi vi du chiing t6i sé c6 ging trinh bay mot cach dé hiéu nhat cd qué trinh
suy nghi, phan tich dé tim ra 161 giai trude khi thuce hien chi tiét 11 gidi d6. Dua ra quyét
dinh nhu vay cling béi vi ching t6i mudn hoc sinh ctia minh tré thanh cht thé ciia moi
hoat dong, chii dong, sdng tao trong qua trinh tim ra l6i gidi moi bai toan chit khong phéai
sé chi 1a nguoi doc sach theo mot trinh ty lap di lap lai 1a " dé bai - 1oi gidi", " dé bai -
151 giai".....

2.2.1 S dung bat dang thic Cosi

e Cho ay,as,...,a, > 0. Khi do

a1+a2+---+an
n

> aiay - - Qy,.

Dau” =" xdy ra khi va chi khi a; = as = --- = a,.

e Dic biét:

% Khin =2 thi ‘“;az > \Jaia,.

ay + ag + asg
——— > Jajasas.

* Khin =3 thi

e Cac kiéu viét khac thuong gap:
a+b> 2v/ab Va,b > 0.
a+b+c>3Vabe Va,b,c>0.
e Nhitng danh gia kiéu bat dang thic Cosi:
(a+b)* > 4ab
a4+ b? > 2ab.
Vi du 2.2.1. Tim GTLN cua
y=axv1-—a2

Hoang Thanh Thuy
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Phan tich:

Mubn tim GTLN ctia mot tich cac thita s6 ma mudn st dung bat ding thitc Cosi thi phai
danh gia tich dé nhé hon hodc bing tong cac s6 hang, v6i diéu kién tong céc sé hang ay
sé¢ dan t6i mot hang s6. Loi gii.

B ) N 2 b2
Ap dung bat dang thic ab < @t ta co
2 2
x1/1_$2§u21_
2 2
Mat khac
1
y:§<:> r=v1-—2x?
N x>0
22 =1— 22
1
< T=—=.
2
1

1
Vay GTNN cta y 1la — tai x = —.
Ay Yy 5 \/§
Binh luan:

S6 1 trong 1 — 22 ¢6 thé thay doi duge. Chd danh gia quan trong nhat dé 1a a?+b> = const.
Vay c6 thé stta bai toan thanh: Tim GTLN ciia

y=axV2— 12
y=1xV3— 12

Téng quat: y = zva — 22

b

Su khac nhau 1a diém xay ra dau” =
MGa rong:

Ap dung bat ding thic Cosi cho 3 s6 kiéu
a® + b3+ & > 3abe.

Tim GTLN cua

y=x2v1—2a3

y =222 — 223

y=2>vVa— 23
Hoc sinh can xac dinh duge dau 1a a, b, ¢ va tinh duge a® 4 b3 + ¢ = const.

Vi du 2.2.2. Tim GTNN cua

2007
Yy = I3 + ? (JI > 0)

Hoang Thanh Thuy
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Phan tich:

Tim GTNN ctia mot tong céc s6 hang ma mudn sit dung bat dang thiic Cosi thi phai danh
gi4 tong d6 16n hon hoic bing tich cac thira s, véi diéu kien tich cac thita s6 ciing sé dan
t6i mot hang s6.

Loi giai. Ta c6

., 2007
Y=+ —
x
Lo, L 669 669 669
=2+ -+ —=4+ ——+ —
2 2 72 22 2

Y

2720 T a? a? a2
5 5/669°

<
Dau ” =" xay ra khi va chi khi

1 669
5:53 =" o1 =+1338.

xr2

5\5/1933 1 , 669 669 669

[669°
Vay GTNN ctia y 1a 5¢ — - dat duge tai z = V/1338.
Binh luan:
Tu tudng quan trong 1a tao ra duge mot tich cic thita s6 sao cho két qua 1a mot hing so.
Vi vay ma c6 nhiing bai toan tuong tu ching ta phai thay dugc duong 16i van giong nhu
bai nay. Chang han: Tim GTNN ciia

3
y=a°+=
x

Toéng quat: y = 2™ + P
xn

BAI TAP VAN DUNG

Bai tap 2.2.1. Cho xy=a. Tim GTNN cua z + y.
Hudng dan giai:

e Dé tim GTNN ciia mot tong, hoc sinh can tao ra mot tich 13 hang sb.

e Dé tim GTLN ctia mot tich, hoc sinh can tao ra mot tong la hing s6.

Bai tap 2.2.2. Tim GTLN cua:
a)y=x++v2—2a?
b) y=x(1 —23),z € [0;1]
c)y=(x+2)(2—2x),z€[-2;2].

Hoang Thanh Thuy
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Huéng dan giai:
a) 2% + (V2 — 22)? = 2 = const.
b)y=x(l—x)= %.39&(1 —z).(1—2).(1 —2), co
3r+(1—2)+(1—2)+ (1 —x) =6 = const.
¢) (r+2)+(2—1x) =4 = const.
Bai tap 2.2.3. Tim GTNN cua:

r 15
a)y—g ;1 (z > 0)
b) :2234—; ($>0)

Huéng dan giai:

15
a) g; = 5 = const. 1 1
b)y=2r+ 5 =z+z+— Mazz.— =1=const.
x x x
N . —~ N ? iy
Bai tap 2.2.4. Tim GTLN ctia A = m
Huéng dan giai:
Ta c6 2 huéng giai:
e Cach 1:
A 4.2006.x
~4.2006.(x + 2006)2
~ (z+2006)* — (z — 2006)*
B 4.2006.(x 4 2006)2
B 1 (x — 2006)?
42006 4.2006.(x + 2006)2
< L .
— 4.2006
e Cach 2: Tu (z + 2006)? > 4.2.2006 suy ra
T x 1

< = .
(z 4+ 2006)2 ~ 4.2.2006  4.2006

z,Yy,z >0

_Tim GTNN cia B = 27

Bai tap 2.2.5. Cho { .
r+y+z=1 TYZ

Huédng dan giai:
Ap dung bat ding thic Cosi ta c6
l=x+y+z=(+y) +2>2\/(x+y)z
= 1>4(z+y)z
= z4+y>4(r+y)iz> 162yz
=

r+y
TYz

> 16.

Hoang Thanh Thuy
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Bai tap 2.2.6. Cho cac s6 duong x,y, z théa man zyz(zr +y + 2) = 1. Tim GTNN
cua
A= (z+y)(z+2).
Huéng dan gii: Nhan pha dau ngoac. Stt dung

1 1 1
u+y+zm—+—+—)
T Yy =z

Bai tap 2.2.7. Cho cac s6 duong z,y, z théa man 2% + y? + 22 = 1. Tim GTNN ctia

. zyvz — 1+ yzve —2+ za/y — 3
TYz '

Huéng dan gidi: Dieu kien x > 2;y < 3;2 < 1. Viét

:\/z—1+\/m—2+\/y—3'

A
z x y
Khi doé
Ve—1_ /l(z—1) < l+z—-1 1
z B z - 2z 2
Ve—2  /2(r—2) <2+x—2_ 1
T B V2 22z 22
Vy—3 _ V3(y —3) < 3+y—3_ 1
y V3y T 2v3y 2V
Cong cac bat dang thic lai ta tim duge max A.
Bai tap 2.2.8. Tim GTNN cua
flzy) =z + (z >y >0).

(x—y)(y+1)?

Huéng dan giai: Ap dung bat déng thic Cosi cho 4 s6 duong
8
(x—y)y+1)*

Bai tap 2.2.9. Cho cac s6 duong z, y, 2 théa man 2200t 4+ ¢2001 4 22001 — 3 Tim GTLN
cua

20 —2y; y+1; y+ 1,

flz,y,2) = 22 4y + 22

Huéng dan giai: Ap dung bat déng thitc Cosi cho 1999 s 1 va 2 s6 22! ta c6

2001 2001
1+14+---+1+=zx +x >20W‘
2001 N

Suy ra
1999 + 222901

20001
Twong tu cho y va z.
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Bai tap 2.2.10. Cho cac s6 duong z, 7, z c6 tong bang 1. Tim GTLN ctia ham s6

f@z%Z)z(x+§)(y+$)(z+§).

Huéng dan giai: St dung danh gia
l+r=x+y+z+x<4y/22yz2.
Twong tuw cho 1 +y va 1+ 2.
Bai tap 2.2.11. Cho z > y > 0. Tim GTNN cua
8) flz,y) =7+ ———
) F@9) y@;m

b) flz,y) =z +
Huéng dan giai:
a) Viet . = (z —y) +y.

. 1 1
b) ViétxZE(x—y)—ké(x—y)—I—y.

Bai tap 2.2.12. Cho cac s6 duong z,7, 2 c6 tong bang 1. Tim GTLN ctia ham s6
fly,2)=vVIi—a+/1—-y+V1—=z

y(x —y)?

Huéng dan giai: Ap dung bat déng thitc Cosi

Tuong tu cho /1T —y va /1 — z.

2.2.2 S dung bat ding thic Bunhiacépxki
e Cho 2 day s6 thuc a1, as, ..., a, va by, ba, ..., b,. Ta c6
(arby + agby + -+ + anby)® < (a7 + -+ ap) (b + -+ +b).
Dau ” =7 xay ra khi va chi khi

a1 a2 Ay,

b by b
e Dang thong dung:
x Khin =2 thi (a1b; + a2b)? < (a + a3) (b3 + 12)
* Khin = 3 thi (a161 -+ a/2b2 + a363)2 S ((I% + CL% + ag)(b% —+ b% + bg)
x Céch viét khac ctia bat déng thiic Bunhiacopxki:

s, (Z0e).

i=1 bl - Z?:l bl

Hoang Thanh Thuy
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e Chu y:
V6i cac bat ding thitc co diéu kien, ta can khéo 1éo bién déi dé nhan duge biéu thiic
diéu kien hoisic sit dung ngay bicu thitc diéu kien dé bién doi. Hoc sinh phai nhay
bén trong viéc nhan ra dau hiéu dé st dung bat déng thitc Bunhiacopxki:
% Cé6 diéu kien kiéu tong cac binh phuong 1a hing sb.
x Tim GTLN clia tong cac tich timg cap 2 sb.
x Tim GTNN ctia tong cac binh phuong.

a,b,c >0
a2+ +ct=1
A=a+ 3b+ 5c.

Vi du 2.2.3. Cho { . Tim GTLN cua

Phan tich:
C6 dau hieu ctia dang a,b; + asbs + azbs véi

2 _ 1.2 _ 92 2 _ 2
a; = l;a5 = 3% a5 =5

b+ b5 +b3=a*+b+c*=1.
Loi giai.
Ap dung bat ding thie Bunhiacopxki cho 2 bo s6 1,3,5 v a, b, ¢ ta 6
(a+3b+5c)* < (1> + 3 +5°)(a® +b° + )
& A*<351=35
= A< V35

Dau ” =" x4y ra khi va chi khi

( 1

k=—

a b ¢ 4= ——

I3 5 k>0 & \/3,%

2+ =1 c = 5k h=

35K = 1 V35

V35

Vay GTLN cta A 1a v/35.
Vi du 2.2.4. Cho 3 s6 duong a, b, c va cac s6 x,y théoa man az + by = c¢. Tim GTNN

clua
2 2

Loi giai. Ta c¢6

& = (azx +by)* = (a\/a.% + b\/l;.%y

<@ n(Z ).

Hoang Thanh Thuy
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Do doé ) ) )
x y c
= —+ =< .
=ty < orp
Dau ” =7 xay ra khi va chi khi
ar + by = c, 2
x ax + by = c, m:%)
Vi_avioeqr_aey TR
% bvb Y b y_a3+b3

o < &
Vay GTNN cta T 1a prs
Binh luan:
Quan trong nhat 1a sit dung duge diéu kien a? + b> 4 ¢ = 1. Vi vay cac hé s6 1,3, 5 thuc
st khong quan trong. T d6 c6 thé xét cac bai toan dang:
Tim GTLN cua
A=ma+nb+pc (m,n,p>0)

. Ja,b,e>0

biét ¢ | > 0).
{a2+b2+02—q (4 )

MG¢ rong:

Néu gia thiét cho hoi khac la:

a,b,c>0
a’?+20* +ct =1

thi phai xac dinh céc cip s6 mot cach linh hoat dé sit dung dude diéu kien nay. Chang
han:

3 \2 2 2 2 2
ﬁ) +5>(a + (V2b)? + &)

11
A< 2o 22
4 2
a,b,c >0
a?+ 20 +3c2 =1

a,b,c>0
{aaz—l—ﬁbz—l—v@ =1 (a,8,7>0)

(a+2b+5¢)? < <12—|—(

Suy ra

Va néu gia thiét cho 1a
hay tong quat

thi tinh hinh vAn hoan toan tuong tu.

BAI TAP VAN DUNG

Hoang Thanh Thuy
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Bai tap 2.2.13. Cho 2% +y? = 1. Tim GTLN, GTNN ctia A = 3z + 4.
Huéng dan giai:
banh gia

(37 + 4y)? < (3% 4+ 4?) (2 +¢?) = 25.
Tong quat: Cho ma? +ny®> =p (m,n,p > 0). Tim GTLN, GTNN ciia
A=azx+py (a,0>0).

Bai tap 2.2.14. Cho 2z + 3y = 1. Tim GTNN ctia B = 322 + 2y°.
Huédng dan giai:
Ta c6

1= 2243y’ = ( 2 RVETRE i.\@y)2

4 9
= (=-+-).B.
(3 + 4)
Tong quat: Cho ax + By = v. Tim GTNN ctia ma® +ny? (m,n > 0).

2 3
Bai tap 2.2.15. Cho — + — =6. Tim GTNN ctia C =z + y.
r Yy
Huéng dan giai:
Néu sit dung
(a1by + azba)? < (af + a3) (b7 + b3)
va can tim GTNN thi z 4+ y phéi 6 vé phai, do d6 a; = \/x;a, = \/y va can c6

a1b1 4+ asby = const

\ . 2 3
nen by — = by — O Mat khac, dé st dung duoe didu kien > + > — 6 thi
VT VY o

2 g 9 3
b§+b§:a—+ﬁ—=—+—=6
x oy oz oy
suy ra
a=v2 =13

Bai toan da dudgc giai quyét!
Bai tap 2.2.16. Cho 3z — 4y = 7. Tim GTNN ctia D = 32% + 492
Huéng dan giai:
Twong tu Bai tap 2.2.2.
Bai tap 2.2.17. Cho 2? +y? = 1;u® + v? = 1. Tim GTLN, GTNN cia
E=u(x—y)+v(r+vy).
Hudng dan giai:
Ta c6
[u(z —y) +v(z +y))*

Hoang Thanh Thuy
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Bai tap 2.2.18. Cho xy + yz + zz = 4. Tim GTNN clia B = 2% + ¢* + 24

Hudéng dan giai:
Theo bat dang thiic Bunhiacopxki thi

16=(zy+yz+22) < (@ +y°+2°)° <2’ +y' + 2%
(2292 +122% + 2222)% < (2 + ¢t + 21)?

16 < 3.(z* +y* + 2%).
Bai tap 2.2.19. Gia st g la nghiém cta phuong trinh
ot +ax® + br* +cr +2=0.

Tim GTNN cia C = a® + b + 2.

Huéng dan giai:
Tt xf + axy + baf + cxg + 2 = 0 suy ra

zy + 2 = —(azj + bxg + cxp).
Theo bat déang thitc Bunhiacopxki ta c6
(axy + bxg + cxg)? < (a® + b° + ) (xh + 25 + 7).
T d6 ta tim duge GTNN cuiia C' theo xg.

xy <0
22 +y? =100

D=z\3+y+yv3+uz.

Bai tap 2.2.20. Cho { . Tim GTLN cua

Hudng dan giai:
Ap dung bat ding thic Bunhiacopxki ta c6
D*=(z\/3+y+yV3+a)*<(@®*+vy*)(6+x+y)
= D?<100.(6 +z +y) < 100.[6 + /2(22 + )]
= D? < 100.(6 + v/200).

. 16 9
Bai tap 2.2.21. Cho cac s0 m,n thoa man — + — = 1. Tim GTNN cua
m?  n

S = Vi ¥ .

< ‘ s . 16 9
Hudng dan giai: Ap dung bat dang thic Bunhiacopxki cho 2 bo s0 —; m? va —; n?.
m n

Hoang Thanh Thuy
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Bai tap 2.2.22. Cho
(=1 + @y -2+ (z-1)°=1
Tim GTLN cta T' = |z + 2y + 3z — §|.
Huéng dan giai: Dé ¥ ring
r+2y+3z2—-8=(r—-1)+2(y—2)+3(z—1).
Bai tap 2.2.23. Cho 22 + y? + 22 — 4z + 22 < 0. Tim GTLN, GTNN ctia
F =2z 4 3y — 2z.
Huéng dan gidi: Diéu kién cia z,v, z tuong duong vdi
(=27 +y*+(z+1)* <5

Viét lai F thanh
F=2x—-2)4+3—-2(z+1)+6.

Sau do sit dung bat ding thitc Bunhiacopxki.

. Tim GTLN, GTNN ctia ham

Wl

Bai tap 2.2.24. Choz(z —1)+y(y—1)+2(2—1) <
flz,y,2) = +y+ =z

Huéng dan giai: Ta c6

4

rr—1)+yly—1)+2(z2—-1) < 3
& 3@+ +2) <3 +ty+2)+4
Mit khéc theo bat déng thiic Bunhiacopxki thi

(x+y+2)? <3z +9° + 22).

T d6 ta dé dang tim duge GTLN, GTNN cta f(z,y, 2).
2.2.3 St dung bat ding thic Trébusep
Bt dang thic Trébusep: Cho hai day s6 sip thit tu gibng nhau

Khi d6 ta co

(a1 +as+ -+ ay)(by + b+ - +by) < n(arby + asby + - - anby).

Hoang Thanh Thuy
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a,b,c,d >0
ab+bc+cd+da=1

Vi du 2.2.5. Cho { . Tim GTNN cua

a’ b3 c3 a3

“bictd ctdia dirasd atbvie

Loi giai.
Khong mat tinh tong quat, gia stt a > b > ¢ > d. Dit

A=b+c+d,B=c+d+a,C=d+a+bD=a+b+c

thi ta ¢o
1 1 1 1

S>> >
A-B~-C~D
Theo bat dang thitc Trébusep ta cé
ad ¥ B
g ¥ T ¢ @
ATBTCTD
1 1 1 1 1
> (B p? 3d3(————>
_4m+-+c+ )A+B+C+D
> L latbr +®(2+§+-Wuﬁ<1+1—%1+1)
= 16 cTana ¢ ATBTCTD
1 1 1 1

1
= Sz-<m+B+O+DKZ+E+5+Byf+ﬁ+8+f)

W
(0]

Mat khac theo bat dang thic Bunhiacopxki ta c6

1111
(A+B+C+D)(c+p+5+75) 216

C+V+E+P>ab+be+ced+da=1.

Do d6 ) .
S>—.16.1=-.

— 48 3

Dau” =7 Xéyrakhivachikhia:b:c:d:5.

Vi du 2.2.6. Cho cac s6 duong z,y. Tim GTLN cta

(z 4+ y)(a* + y*) (2® + v°)
31710 + ylo

S:

Loi giai.
Gia st x < y. Khi do
< y3;x6 < y6.

Theo bat dang thitc Trébusep ta cé

(z+y)(@® + %) <2(z* + ¢
(' + ) (® + %) < 2(2" +¢").

Hoang Thanh Thuy
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Tt 2 bat déng thic trén ta c6
(@ +y)(@ +y7)(@° +3°) <A(=" +y").
Do do
4(210 4 y10)

Y= Ty

Vay S ¢6 GTLN la 4.

BAI TAP VAN DUNG

Bai tap 2.2.25. Cho ay,as, ..., a, 1a cac s6 thyc duong thay doi. Dat S = Y a;. Tim

i=1
T = ! .
i=1 (S - ai)

Bai tap 2.2.26. Cho ay, as, ..., a, 1a cic s6 thyc duong thay doi. Dat S = 3 a;. Tim

=1
n a

Bai tap 2.2.27. Cho tam giac ABC ¢6 3 goc nhon A, B, C. Tim GTLN cua

GTNN cua

GTNN cua

Hoang Thanh Thuy
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2.3 Phuong phap mién gia tri
2.3.1 NOoOi dung phuong phap
Ta ¢6 yo 12 mot gia tri clia ham s6 y = f(x) trén mién D khi va chi khi he

{f(a:) = o

zeD

¢6 nghiém.
Trong nhiéu truong hop diéu kién c6 nghiém ay sau khi bién doi sé dua vé dang

a <y <[
Vi yo 14 mot gid tri bat ki ctia f(z) nén ti d6 thu duge
min f(z) = «

max f(z) = f.

2.3.2 Cac vi du
Vidu 2.3.1. Tim GTLN, GTNN cua

(@) 222 + 10z + 3
)= —5———.
312+ 2r+ 1
Loi gidi.
Goi vy 1a mot gia tri clia ham s6 da cho thi phuong trinh sau c¢6 nghiém:
222 + 10z + 3 B (1)
322 +2c+1 0 )

Vi 3z% + 2z + 1 > 0, Vz nén phuong trinh (1) tuong duong véi
2202 + 10z + 3 = yo(32* + 2x + 1)
& By —2)2"+ (-5 +y—3=0 (2).
Ta xét hai truong hop:
e Truong hop 1: Néu 3yp —2 =0 & yy = ; thi yo — 5 # 0 nén phuong trinh (2) c6

2
nghiém. Do d6 f(z) nhan gia tri 3 v6i ¢ nao do.

. 2
e Truong hop 2: Néu 3yg —2 # 0 < yo # 3 thi phuong trinh (2) la phuong trinh bac
hai, do d6 (2) ¢6 nghiém khi va chi khi

A= (-5 (y—3)By—2)>0
& =200 +yo+19>0

1 —+/152 14+ /152
S — <y L ——

. 2
9 > Yo > B ,Vayo?ég

Hoang Thanh Thuy
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Két hop hai trusng hop ta duge

1 — /152 14+ +v152

< < —_—
5 =7

1+ /152 1 — /152
+T; GTNN ctia f(z) la — =

Vay GTLN cua f(z) la 5

Vi du 2.3.2. Tim GTLN, GTNN ctia ham s6 f(z,y) = 2* + y* xét trén mién

D={(z;y): (2® — > +1)® + 4a*y? — 2® — * = 0}.

Loi gidi.
Goi ty 1a mot gid tri bat ki ctia ham s6 f(z,y) trén mien D. Khi d6 hé phuong trinh sau
c6 nghiém
R e )
($2—y2+1)2+4l’2y2—f£2—y2:0 ’
Ta co

2 2:t
(2?2 +y*)? = 3(x* +y?) + 1+ 42> =0

2 +y? =t
2—3tg+1+42>=0
—12 4+ 3tg — 1
2 0 0 _
& vt 4

22—3tg+1+422=0 (2

Phuong trinh (2) c6 nghiém an x khi va chi khi

3—5 3+5
te =3ty +1<0« 2\/_§t0§ +2‘/_.
Lai c6 ,
2 —ty—1
1) & y* + % = 0.
Ma —t2 — tyg — 1 < 0,V nén phuong trinh (1) luon ¢6 nghiém an vy, Vt,.
3—5 3+5 . X ,
Nhut vay 2\/— <t < +2f s diéu kien can va dit dé he (I) ¢6 nghiem. Do d6
3+5 . 3—5
(g?ng(%y) =G (x{ryl)lng(x,y) =—

Vi du 2.3.3. Tim GTLN, GTNN ctia T = 22 + y? trén tap

D={(z;9): (z—y)’ =z +y —ay}.
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Loi giai.

Goi Ty 1a mot gia tri ciia T'. Khi d6 hé phuong trinh sau ¢6 nghiém
TO = £U2 + y2 (I)
(z—y)’=a+y—ay '

Ta co

(]) T0:x2+y2
< 2 2 _
r+y =r+y+ay

Thy=a*+y (1
o 0=2"+y (1)

Ty=z+y+zy (2)
T (1) suy ra

x2—|-y2
2

To=x+y+azy < 22>+ y?) +

T
Ty < 2To+?0

=
& 2T <24/21h+ T
& Tg—8TH <0

Mit khac 7(0,0) = 0;7(2,2) = 8. Vay ta c6

max T'=8; min 7T =0.
(z5y)eD (wy)eD

BAI TAP VAN DUNG

Bai tap 2.3.1. Cho a,b, ¢ 14 cac s6 thod man

a+b+c=5
ab+bc+ca=38

Tim GTLN, GTNN cua a.
Hudéng dan giai:
Tacob+c=5—ava
be=8—ab+c)=8—a(5—a).
(b+c)?  (5—a)

Mat khac be < 1 = 1 nén
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Bai tap 2.3.2. Tim GTLN ctia ham s6 f(z,y) = |r — y| trén mién
D ={(z;y): 2* + 49> = 1}.

Huéng dan giai:
Pha dau gia tri tuyet déi, dua vé hai hé va tim diéu kien dé hai hé c¢6 nghiem.

V5

Déap s6: ma T,Y) = —.
p (I;y)EXDf( v ==

Bai tap 2.3.3. Tim GTLN, GTNN ciia

_3+4x2+3x4

f(ZL‘) (1 +{IJ2)2

trén R.

Huéng dan giai:
Dua vé phuong trinh
(yo — 3)x" +2(yo — 2)2* + yo + 3 = 0.

e Néu gy = 3 thi phuong trinh c6 nghiem.

e Néu yy # 0 thi phuong trinh c¢6 nghiém khi va chi khi

(Yo — 32 +2(yo — 2)t +yo +3 =0
t>0

4 //\- 3 JR— 5- JR—
Daép so: min flz) = 5 max f(z) = 3.

Bai tap 2.3.4. Cho ham s6

4+ pr+q
= R).
floy =TI (o ey
Tim p, ¢ dé
max f(z) = 9;min f(z) = —1.
Hudéng dan giai:
Goi yo 1a gia tri bat ki ctia f(x) thi phuong trinh

22+ pr+q
24+ 1

(1)

Yo =

c6 nghiém. Ta co
(1) & (yo — Da* — pr + (yo —q) = 0.
Khi o # 1, bai toan qui vé tim p, ¢ dé phuong trinh A > 0 ¢6 nghiém.
Dép so: (p=8;q="7) hoic (p = —8;¢=17).
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Bai tap 2.3.5. Tim GTLN, GTNN ctia ham s6
y=x+VvV2r>+x+1.
Huéng dan giai: Gia st yy 14 mot gia tri nao d6 ctia ham s6. Khi d6

yozx—i-\/m
& (p—z)P=27+r+1
& Yy —2pr+art=22"+z+1
s 22+ (1 -2y)r+(1-9y)?*=0.

Xét diéu kien c6 nghiém z ctia phuong trinh nay dé tim ra mién gia tri clia yp.

Bai tap 2.3.6. Tim GTNN cua

1
y=x+1/224+—, véiz>0.
x

Huéng dan giai: Goi yg 1a gia tri tuy ¥ clia y trén mien x > 0. Khi d6 hé sau c¢6 nghiem

1
_ f2 . = 0<z<yy
Yo = T + x+x PN 1

22
(Yo — ) 1’+x

x>0
0<z <y 0<z<yo

<~ 2 _ —1 < Qo2 — 12 1=0
Yo Q?Jox—z Yor® —yor +1=

Dép s6: min f(x) = 2.

x>0

Bai tap 2.3.7. Cho 22 + »? > 0. Tim GTLN, GTNN ctia

2? — (z — 4y)?
f(xu y) - T — 4y2 :
Huéng dan giai:

Néu y = 0 thi min f(z) = max f(z) = 0.
Néu y # 0 thi ta viét

. o 4t — 4
Dat @:tva Xét g(t):m

Hoang Thanh Thuy
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2.4 Phuong phap luong giac
2.4.1 NOoOi dung phuong phap

Phuong phap nay nhim thay doi hinh thitc ctia bai toan dan dén viéc tim GTLN, GTNN
ctia ham s6 luong gidc. Phuong phap nay dac biét to ra hieu qui déi véi cac ham dai sd
nhiéu an véi dang thuong gip nhat 1a khi c6 diéu kien 22 + y? = 1. Khi d6 ta dat

r =sint
{ .t € [0;2m].
Yy = cost

Trong trudng hop khong cé diéu kién clia an s6, thuong dat

tant, t¢ r.T
r = tan — ==
7 2’ 2
2.4.2 Cac vidu
Vi du 2.4.1. Tim GTLN ctia ham s6
y = (1+2)* 4 (1 —2)* véiz € [-1;1].
Loi gidi. Vi € [—1;1] nén ta c6 thé dit o = cost,t € [0;7]. Khi d6 ham s6 tré thanh
y= (1+cost)® + (1 — cost)*®
£ 2006 £ 2006
- (o)™ )
( COS 5 + | 2s1n 5

_ 2006 <COS4012 t | gind012 f)

2 2
< %006 (COS2 ! + sin? f)
- ' 2 2
_ 92006
Vay GTLN cua y 1a 220 dat dugce khi
t t
cos012 2 = cog? = int=0
i? t2 , chang han S thi z = +£1.
SiH4012 5 = SiIl2 5 cost = %1

Vi du 2.4.2. Tim GTLN, GTNN cua

I+ x?
YT ax a2
Loi gidi. Dat x = tant,t € [— g; g] . Khi d6 ham s6 duge chuyén vé dang
1 sint ¢
. 1 + tantt _ T oty
(1 + tan? )2 1
costt

1
= sin*t +cos*t =1 — = sin? 2t.

Vi 0 < sin?2t < 1 nén
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e GTNN: miny =1 — % = %, dat khi
sin?2t =1 < cos2t =0
Chéng han t = % thi z = 1.
e GTLN: maxy =1—0=1, dat khi
sin® 2t = 0 < sin2t = 0
Chang han t = 0 thi z = 0.
Vi du 2.4.3. Tim GTLN, GTNN cua

u =2z + 3vV3y + 2, véi 4a? + 9y* = 16.

ORI

3 2 2
Dat g = cos (_y = sina, a € [0;27]. Khi d6 ham dugc chuyén vé dang

Loi giai. Tit gia thiét ta co

u:4cosa+4\/§sinoz+2.

Ta co /3
1 3
u:8(§cosa+781noz)+2:8sin (044—%) + 2.

Vl—lgsin(oﬂ—%) <1 nén ta co

e GTNN: minu = -8 4+ 2 = —6, dat khi

-1
.(_'_71')7 PN 747r<:> =5
sin ( « 5) = a=- :_\/§
V=
e GTLN: maxu = 8 4+ 2 = 10, dat khi
1
sin(oz—kz)—l{:)oz—E@ 56':5
6/ ~ 3 V3
V=

Vi du 2.4.4. Tim GTLN, GTNN ctia ham s6
4y — 4y?
U=—--—7.
x? + y?
Loi giai. Ta xét hai truong hgp:

e Truong hop 1: Néu y = 0 thi u = 0.
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e Truong hop 2: Néu y # 0 thi chia cd t1t s6 vi mau s6 cho 3? ta duge

— —4
Yy
U= po
?+1
Dat zztant,te [—g,g] Khi d6 ham tré thanh
Yy
4sint
C dtant—4  oogp 1
T tan?t+1 1
cos?t
= 4sint.cost — 4 cos®t
= 2sin2t — 2(1 + cos 2t)
::mﬁﬁn@t—%>—z
. T
\/“1—1§81n<2t—z)§1néntacé
* GTNN: minu = —2v/2 — 2, dat dugc khi
'(275 7T> 1t W@"T t T
sin ——)=- = —— — = tan —.
4 8 Y 8

* GTLN: maxu = 2v/2 — 2, dat dugc khi

i (2t W) lete T % 3"
sin (2t — — ) = = 2 o2 fan .
4 8 Y 8

Nhan xét: Trong truong hop khong c¢é an s6, phép lugng gidc hoa dude xac dinh theo
hai huéng sau:

e Huéng 1: Néu c6 thé st dung duge an phu t = g(z,y) dé chuyén ham ban dau vé
ham mot an theo ¢. Khi dé tuy thudc mién gia tri ctia g(z,y) ta lya chon dat

g(z,y) = sina hay g(x,y) = tan a.
e Hudng 2: Trong truong hgp con lai, phép lugng gidc hoa thuong duge st dung la

r=tana vay=tanf;a,f € [—g,g]

Vi du 2.4.5. Tim GTLN va GTNN cua

_ (z+y)(d —=y)
(1+a?)(L+y?)
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T = tan o

Loi giai. Dat
y =tan g

,a, 3 e [— g; g] thi ham s6 chuyén vé dang
(tan o + tan 3)(1 — tan . tan [3)

(1 + tan® @)(1 + tan? 3)
sin(a + ). cos(a + f3)

cos . cos [3. cos a. cos 3
1 1

cos? o cos? 3

= % sin2(a + ).

Vi —1 <sin2(a+ ) <1 nén taco
1
e GTNN: minu = —5 dat duge khi

sin2(a+ ) = -1

T

N =——
a+f 1

& tan(a+ f) = —1

e TRV _
1—2ay

Chon z = 0;y = —1.
1
e GTLN: maxu = 3 dat dugc khi

sin2(a+ ) =1

T
& =—
a+ [ 1
& tan(a+ ) =1
- x—i—y:l
1—xy

Chon z =0;y = 1.
BAI TAP VAN DUNG

Bai tap 2.4.1. Cho cac s6 z,y thod man z? + y* = 1. Tim GTLN cua

u=xv/14+y+yvl+z.

Huédng dan giai: Dat x = sina; y = sin .

Dép s6: GTLN: maxu = 2+ /2, dat khi z = y = ?
Bai tap 2.4.22. Tim GTLN va GTNN ctia
x
VI,
x
RN

. Huéng dan giai:
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2.5 Phuong phap hinh hoc, toa dé va vecto

No6i dung phuong phap
Dé tim GTLN, GTNN bing phuong phap nay ngudi ta thuong stt dung cac tinh chét
sau day:

e Trong tat ca cac duong gap khic ndi hai diém A, B cho trude thi dusng thing nbi
AB 1a duong c6 do dai bé nhat.

e Trong mot tam gidc tong hai canh luon 16n hon canh thit ba. Truong hop xay ra dau
bang khi tam giac dé suy bién.

e Cho M # d. Khi d6 dudng thing vuong géc ké tit M xudng d ngan hon moi duong
xien ké tit M xudng duong thing ay.

e Trong cic tam gidc cliing noi tiép duong tron thi tam giac déu cé chu vi va dién tich
16n nhat.

Chiing ta sé stt dung phuong phap nay khi ma trong noi dung cac bai toan da tiém an yéu
t6 hinh hoc ma c6 thé ban dau ta chuwa nhin ra no.
Dac biét can nhé cac cong thitc sau:

* Trong mat phang:
Khoang cach gitta hai diem A(x1;y1), B(2o;y2)

AB = /(s — 21)*(y2 — 1)
Khoang cach tit diém M (xg;y0) dén A : Az + By +C =0

. ‘ASCO + Byo + C’
A2 B2

d

Phuong trinh duong tron tam I(a;b) ban kinh R

(r—a)? + (y— b)? = RZ.

* Trong khong gian:
Khoang cach gitta hai diém A(x1;y1; 21), B(2; y2; 22)

AB = \/(952 —x) (2 —y1)? + (21 — 22)2
Khoang céch tit diém M (z¢;y0) dén mat phéng o : Av + By +Cz+ D =0

B |A9§0 + Byo + CZ() + D|

d A2+ B% + C?

Phuong trinh mét cau tam I(a;b; ¢) ban kinh R

(x —a)®+ (y—b)*+ (2 — ¢)* = R
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Vi du 2.5.1. Tim GTLN ctia ham sb:

fx)=Va2—r+1+Va2-2r+2,2cR

Phan tich: Dung phuong phap toa do ma lai thay xuat hién cin bac 2 nhu thé nay, hoc
sinh phai nghi t6i cong thiic tinh khoang cach giita hai diém.

Bién doi
N \/<x_1>2+<“§>
Va2 =25 +2=/(x —1)2+ 12
Loi giai. Ta c6: f(z) = \/(:v —1)2+ (7) +/(z —1)2 + 12
Xét
AGE): B -1 ow0)

202
Khi d6 f(xz) = AC+ CB > AB, v6i

ABz\/(1—1)2+(—1—§)2

2 2
VISR E)
V4 4
5423
Vay f(z) > %f
Dau ” =" xay ra khi A, B, C' thang hang: tiic C € AB. Mat khac phuong trinh duong
thing AB la:
R S
2 2
1
1—-= _1_\/_§
2 2
1 V3 V3y 1
D) e D)!
& (o 2)<+2 T3
C € AB nén
1
(x__>(1+£>_£.1:0
2 2 2 2
V3
IO
1432
2
V3
Sr=—t" 4=
4423
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Binh luan: Nhu vay la diya vao cong thiic tinh khoang cach giita hai diém va viec sit
dung hop i bat déng thitc tam gidc ma ching ta da giai duge bai toan. Quan trong nhét
la viéc nhin ra béng dang ctia tong hai doan thang trong biéu thiic.

Mot cau héi nhé dat ra la tai sao lai chon diém A(%; ?) ma khong 1a A(%; T\/§)7

B(1;—1) ma khong 1a B(1;1). Mac diut cac biéu thitc tinh khoang cach AC, BC khong hé
thay doi. Ta chon nhu trong 15i giai nham cho A, B nim khac phia ctia nhau so véi truc
hoanh; C' € Oz. Néu lay diém B ndm trén ciing khong sao nhung 15i gidi sé dai hon béi
dé tim dugc min(AC + C'B) khi d6 van phai lay B’ d6i xting B qua Oz titc B'(1; —1). Vay
chi bang ta chon luon B = B’ ngay ti dau.
MG rong: Céc hé s6 clia cac biéu thiic lieu ¢6 phai 1a bat ki khong? Néu thay 22 — 2z + 2
bdi biéu thiic 22 — 2z thi sao? Viét 22 — 2x = /(z — 1)2 — 1 liéu c6 lam tiép dugc
khong? Trong khi d6 cong thiic tinh khodng cach 1a: v/(x2 — 1) (y2 — y1)2. Dau + chi
khong phai 14 dau —.

Vay mdi hé s6 ctia biéu thic dudi can la tuy ¥ nhung phai thod man A, < 0. Nhu vay
14 cac em ciing c6 thé ty ra cho minh v ban beé nhiing biéu thiic don gidn. Chang han:
Tim GTNN cta

f(z) = Va2 —4x + 5+ Va2 — 6z + 10
Va hé s6 cia 22 trong hai biéu thitc dudi can c6 nhat thiét phai bing nhau khong? Néu
khong bang thi sao?
Vidu: f(x) =va?2—4x+5++v22%2 — 42 +6
BAI TAP VAN DUNG

Bai tap 2.5.1. Tim GTNN cua

L fo)=vVa2+az+1+vVa2+ao—1

2. f(x)=val—a+1+ Va2 —3r+1
Huéng dan gidi: Gidng vi du.

Bai tap 2.5.2. Tim GTLN cua:

f(z) = Va2 — 6z +45 — Va2 — 6z + 10

Hudng dan giai: St dung AB — AC' > BC.

Bai tap 2.5.3. Tim GTNN cua:

f(a:):\/2x2—2x+l—|—\/2x2+(\/§+1):z;+1+\/2x2—(\/§+1)x+1

Huéng dan giai: Tat ca déu c6 222. Lam thé ndo dé ding dude cong thic tinh khoang
cach:

V222 =224+ 1=+/(z — 1)2 + 22

\/2;1:2+(\/§+1)x—|—1:\/(:1:+§)2+($+1)2

\/zxZ—(ﬂH)xH:\/(x—£>2+(x—1)2
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Bai tap 2.5.4. Tim GTNN cia: f(z,y) = 2? + y? trén mién
D={(z,y):x—2y+8>0;x+y+2>0;2x —y+4 <0}

Huéng dan giai: Hay xac dinh mién D trén mit phang Oxy rdi xem y nghia ctia f(x,y) =
2% + 72 bicu thi cai gi?

Bai tap 2.5.5. Tim GTLN, GTNN cua: f(z,y) = 4x + 3y trén mién
D ={(z,y): 2* +y* + 16 = 8x + 6y}.

Huéng dan giai: Xac dinh mién D chinh 14 dudng tron. Tinh

fz,y) =4z + 3y = %(8x+6y)
RUAE

Can tim GTLN, GTNN ciia 22 + 3%, Xem 22 + y? biéu thi cai gi?
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2.6 Cac phuong phap khac
2.6.1 Phuwong phap can bang déi xing
Noi dung phuong phap:

Phuong phap nay thuong dude stt dung néu diéu kien rang budc cac biéu thitc va biéu
thiic can tim GTLN, GTNN c¢6 tinh déi xting véi cic bién thi ta thuong dy dodn GTLN,
GTNN x4y ra khi cac bién dat gia tri bang nhau.

Sau d6 diing cac bat déng thic dé chiing minh du doan nay.

Vi du 2.6.1. Cho zy + yz + zx = 1. Tim GTNN ctia M = z* 4 y* + 24

2
Loi giai. Ta c6: z* 4+ y* + 24 > 22y? 4+ 1?22 + 2222 > g(xy +yz + 2z)?
1

Suy ra M > 3

1 1
M=-<=r=y=2=—.

3 Y e
Vay GTNN ctia M 1a 3

Vi dy 2.6.2. Cho 4 200 . Tim GTLN ciia
a’?+ b =4
B ab
S a+b+2

Phan tich: Phai tao dugc ra: a+b+2, ab tit gia thiét. Mudn vay phai phan tich a?+b* —4
theo a + b+ 2, ab va nhan t6 nao dé khac nita va sé danh gia nhan t6 nay chang han.
Loi gidi.
a®+ b —4=0
= (a+b)*—4=2ab
= (a+b+2)(a+b—2)=2ab

T ab _a+b—2

Ca+b+2 2

Ma

(a+b)2 22(a2+b2)
= (a+b)?*>38
=a+b>2V2.
b—2 2/2-2
vay T o AFbT2 V22 s

2 - 2
DAau bing xay ra khi vi chi khi a = b = /2.

BAI TAP VAN DUNG
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x,y,z >0,
r+y+z=3

Bai tap 2.6.1. Cho { . Tim GTNN cua

T=Va2+tay+y>+Vy?+yz+ 22+ V22 + 2z + 22

Huéng dan giai: Ta co:
2 2 2 1 2
Tty t+y = (x+y) —I——(w—y)

>

oA~ W

(z +y)*
Tuong tu ta co:
v ryr 2> Sy +2)°

22+zx+x22

W] oo i | o

(z+x)?

a,b>0,
at+b=1

Bai tap 2.6.2. Cho { . Tim GTNN cua:

(a+ %)2 +(b+ é)?

Huéng dan gidi: Dung Cosi dang 2% + y? > 2xy.

Bai tap 2.6.3. Tim GTLN cua:

Vda+1+V4ab+1+ Ve +1

biét a,b,c > 0;a+b+c = 1.
Huéng dan giai: Dé st dung duge a + b + ¢ thi phai binh phuong céc can thiic. Sau do
dung Bunhiacopxki.

a,b,c >0,
a+b+c=1

Bai tap 2.6.4. Cho { . Tim GTNN cua

1 1 1
a? + 2be + b2 + 2ac c? + 2ab

Huéng dan gidi: St dung bat dang thiic:

1 1 1
(z+y+z)(=+-+-)>0.
T Yy =z
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2.6.2 Phuong phap cuc bién
Noi dung phuong phap:

Ta biét, néu ham s6 y = f(z) lién tuc trén doan [a,b] thi GTLN, GTNN cua f(z)
trén doan [a, b] hodc 1a f(a) hodc 1a f(b), hoac la gia tri cyc tri ciia f. Nhu vay 1a khi tim
GTLN, GTNN cta A(xy, s, ...,7,) néu z; € [a,b] thi ta nén luu ¥ t6i gia tri cia A khi
r; = a hay x; = b.

Cht ¥ t6i cac bién doi thudong dung sau:

*x x; € [a,b] suy ra (x; — a)(x; — b) > 0. Dau bang xay ra khi x; = a V x; = b.

* x,Yy,z € [a,b] suy ra
(—a)ly—a)(z—a) 20
(x—b)(y —b)(z—b) <0
Vi du 2.6.3. Cho a,b,c,d € [0;1]. Tim GTLN cta

a n b N c n d
bed+1 acd+1 abd+1 abc+1

Loi giai. Vi a,b,c,d € [0;1] nén bed > abed. Lai c6 (a —1)(b—1) > 0nénab+ 1> a+b.
T do6 suy ra
p< a b c d

- abcd+1+abcd+1+abcd+1+abcd+1
L p< a—l—b—l—c—l—d< 14+ab+1+cd

abed+1 — abed + 1
24+ ab+ cd < 2+ 1+ abed
abed+1 —  abed +1

3 + abed < 3 + 3abed B
~abed+1 ~ abed+1

Vay GTLN cia Pla 3, xdyrakhia=0,b=c=d = 1.

BAI TAP VAN DUNG

T1,%2,...,T10 € [1,3],
I1+ZE2+"'+$10:15
Tim GTLN ctia S = 2§ + 23 + - - - + x3,.

Bai tap 2.6.5. Cho {

z,y,z € [0;3],
r+y+z=>5
Tim GTLN ctia S = 22 + y? + 22

Bai tap 2.6.6. Cho

2.6.3 Phuong phap siap thi tu

Noi dung phuong phap:

Néu viec sap thi tu lai cac hing s6, cac bién s6 khong lam méat tinh tong quat ctia bai
toan thi nén thyc hién vi chiing cho ta thém gia thiét dé tim GTLN, GTNN. Va khi da
sap xép lai cac hang, cac bién ta nén cht y t6i cac phan ti Max, min clia ching.
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Vi du 2.6.4. Cho céc sb x1, ..., 1o thay doi nhung luon thoad méan

T1T92...210 Z 0,
$1+l’2++£€10:2006

9
Tim GTLN cua S = Z TiZLjt1-
i=1
Loi giai. Gia st x = max{xy,z2, ..., T10}, ta c6

k-1 9
S = § TiTiy1 + § TiTit1
i=1 i=k
k—1 9
SxkE T + Tg E Z;
i=1

i=k+1
9
< Tk ( Z Ti — Ik)
i=1
20062
2006
. e 20062
Déu biing xay ra khi { “7“2~ "2’ . Vay GTLN ciia S Ia .
I3...Tg9 = 0 4

BAI TAP VAN DUNG

Bai tap 2.6.7. Trong tam giac ABC, tim GTLN ctia

_a+b+ec
@A+ bB + cC”

Hudéng dan giai:
Gid st a < b < ckhidé A< B < C. Ap dung bat ding thic Trebusep ta c6

(A+ B+ C)a+b+c) <3(aA+bB+cC)

T _ aA+bB+cC
= —<

37 a+b+c

3 a+b+c
= — 2 .

™ aA+bB+cC

DAu bang x4y ra khi va chi khi AABC déu.
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3 Ung dung

3.1 Giai phuong trinh, bat phuong trinh.
3.1.1 Cac dinh li

Van dé ton tai nghiém clia mot phuong trinh, bat phuong trinh c¢6 diéu kién thuong lien
quan chat ché t6i viec tim GTLN, GTNN ctia ham s6. Méi lien hé &y thé hién qua céac
dinh 1i duéi day.

Dinh 1i 1. Xét phuong trinh, f(z) = a x € D (1). Gid thiét ton tai

M = max f(z),m = min f(z)

z€D xzeD
Khi dé phuong trinh (1) c6 nghiém khi va chi khim < o < M

Dinh 1i 2. Xét bat phuong trinh f(x) > a x € D (2). Bat phuong trinh nay cé nghiém
khi va chi khi M > «.

Dinh 1i 3. Xét bat phuong trinh f(x) < 8 x € D (3). Bat phuong trinh nay cé nghiém
khi va chi khi m > (3

Dinh 1i 4. Bat phuong trinh (2) ding Vo € D <= m > a.
Bat phuong trinh (3) ding Vr € D < M < 3.

3.1.2 Cac vi du
Vi du 3.1.1. Giai phuong trinh

Vr—2+4Vi—x=2>—6x+11

Loi gidi. Dat f(z) = Vo — 2+ v/4 — z. Xét trén mién 2 < z < 4.
Theo bat dang thitc Cosi ta cé:

fAz)<2x—2+4—2)=4

Do f(z) > 0nén f(z) < 2.
Ta thay f(3) = 2. Vay ngaéf(x) = 2.

Dat g(z) = 22 — 6z + 11 = (z — 3)*+ 2. Suy ra g(z) > 2,¢(3) = 2. Vay ming<,<4 g(z) = 2.
Vay phuong trinh da cho tuong duong véi hé sau

f(z)=2 VI—2+V4d—12=2
{g(x):2 <:>{(x—3)2—|—2:2

Dé thay he nay c6 nghiém duy nhat z = 3. D6 chinh 1a nghiém ctia phuong trinh da cho.

Vi du 3.1.2. Giai phuong trinh:

V3182 + 62+ 7+ Vba2 + 10z + 14 = 4 — 20 — 22,
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Loi giai. Dat

f(x) = V3xs2+ 6z + 7+ Vba2 + 10z + 14
=3 +1)2+4++/5(x+1)24+9

= f(x) >b5NVr e D={4—-2x—2*>0}

flx) =< x=-1.

Dat g(z) =4 -2z —2*=5— (2 +1)*<5,9(z) =5 &z =—1.
Ta c6 g(z) <5< f(z) Vay

V3rs? 46z + 7+ Vb2 + 10z + 14 =5 (1)

(2) & x = —1. Ma = = —1 cing thod man (1). Vay x = —1 1a nghiém duy nhat cta
phuong trinh da cho.

BAI TAP VAN DUNG

Bai tap 3.1.1. Giai phuong trinh:

Va2 —2r+5+Vr—1=2

Bai tap 3.1.2. Giai bat phuong trinh:

\/x—\/x2—1+\/a:+\/x2—1§2
Bai tap 3.1.3. Giai hé phuong trinh:

62223 — 6x + 5 = (2 + 4)(z* + 2z — 6)

2 2
r+—-—2>14+—
T T

Bai tap 3.1.4. Giai phuong trinh:

NTad — 1122+ 250 — 12 =22 + 62 — 1

Bai tap 3.1.5. Giai phuong trinh:

1
20 + (1 —22)* = —
z* 4 ( x) o

Bai tap 3.1.6. Giai phuong trinh:

1 1
V2—224+4/2— 5 =4—(z+ )
x x
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3.2 Tim diéu kién cho tham s6 m dé phuong trinh, bat phuong
trinh, hé phuong trinh, hé bat phuong trinh cé nghiém.

Vi du 3.2.1. Tim m dé phuong trinh sau c6 nghiém:

202 + 10z + 3
Tt 224 9(2m — 3)a + bm? — 16m + 20
3x2+2x+1

2022 + 10z + 3
Loi giai. Dat =
. gial Dat (o) = 5 g
bat g(z) = 2? + 2(2m — 3)z + 5m? — 16m + 20. Theo tinh chat ctia ham s6 bac hai thi:

. Dling phuong phap mién gia tri ta suy ra: max f(z) =

ming(z) = g(3 —2m) =m?> —4dm+11=(m —2)* +7

Tu d6 ta c6: ming(z) > 7,¥m # 2 va ming(z) = 7 khi m = 2.
Vay:

+ Néu m # 2 thi max flz) < miﬂrg g(x), suy ra phuong trinh da cho vo nghiém.
xe e

+ Néu m = 2 thi max f(z) = ming(x) = 7 va phuong trinh da cho tuong duong véi
Te

zeR
hé: ,
2 1
0z + 10z + 3 —7(1)
322 +2x+ 1
24204+ 8=7T(2)
(2) tuong duong véi (r +1)2 +7 =7 & v = —1. Thay x = —1 vao (1) ta co:

13
VT(1) = ) # 7 suy ra hé trén vo nghiém.

Vay hé da cho vo nghiém.
Vi du 3.2.2. Tim m dé bat phuong trinh sau ding v6i moi —2 < z < 1.
m?z +m(z+1) -2z —1) >0
Loi giai. Bat phuong trinh da cho c6 thé viét lai la:
flxy=m*+m—-2)z+m+2>0(1)
Dé (1) diing v6i moi —2 < 2 < 1 thi phai c6 _QII%ianl f(z) <o0.
Vi f(z) 1a ham bac nhat nén ta co:

e Neum?+m—2>0thi min f(x)=f(—2) = —2m? —m+ 6. Ta c6 he

—2<z<1
2 —-2>

m*+m >0 (:>1§m§§
—2m?—m+6>0 2
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e Néum?+m—2<0 th £r<1in<1f(x):m2+2m. Ta c6 he

2
-2
{m +m <0 s0<m<l

m? +2m >0

3 R
Vay 0 <m < 5 la nhitng gia tri can tim.

BAI TAP VAN DUNG

Bai tap 3.2.1. Tim m dé phuong trinh sau c6 nghiém:

V212 —2(m+4)z+5m+10+3 -2 =0

Hudng dan giai: Ta c6

(1) & /222 —2(m +4)x +5m +10 =z — 3

222 —2(m+4)x +5m + 10 = (z — 3)?
r >3

>3
& w221

fo) =5 ="

Hé nay c6 nghiém khi va chi khi

min f(x) < m < max f(2)

Sau dé dimng phuong phap mién gia tri dé gidi quyét bai toan. Dap s6: m > 3.

Bai tap 3.2.2. Tim m dé hé sau c¢6 nghiem

{x5—(:p—3)5:m

0<xr<3

Huéng dan gidi: Dé ¥ t6i bai toan phu: "Cho ham s f(t) =" + (1 — )", n € N*" thi

max f(H) =1 min, =5

Chuyén bai toan da cho vé dang nay!
. 243
bap so: 6 < m < 243.

Bai tap 3.2.3. Tim m dé bat phuong trinh sau ding véi moi —4 < x < 6

V@A +2)(6—2)<z’—22+m

Huéng dan giai: St dung phuong phap dieu kién can va du ta di dén dap s6: m > 6.

Hoang Thanh Thuy



Chuyén dé Gia tri 16n nhat, Gia tri nhé nhat

42

Bai tap 3.2.4. Tim m dé hé bat phuong trinh sau c6 nghiem

202 — Tz + 3
22 —mr+m<0

Huéng dan gidi: Viét lai he da cho duéi dang:

{(x):xQ—mx+m<O
3 <z<3
Hé nay c¢6 nghiém khi va chi khi . min  f(z) <0, tim di tim
5 <z <3

di dén dap sb:
1
k§—§ hoac k > 4.

Bai tap 3.2.5. Tim m dé bat phuong trinh sau c6 nghiem

22+ 2 —m|+m*+m—-1<0

min  f(z). Tu do

N | —
VAN
&
(VAN
w0

Huéng dan gidi: Bat phuong trinh c¢6 nghiém khi va chi khi miﬂg flz) <0
e

Xét cac kha nang:
+ m>1
+ —-1<m<1
+ m< -1

Dap s6: —1 <m <

N | —
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